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UNIT |
Vector Spaces: Definition and examples—Subspaces—Linear Transformations—
Fundamental theorem of homomorphism.

Chapter 1: Sections -1.1to 1.3

1.Vector Spaces
1.1. Definition and Examples
A non-empty set V is said to be a vector space over a field F if
(i) VV is an abelian group under an operation called addition which we denote by + .
(if) For every a € F and v € V, there is defined an element av in V subject to the
following conditions.
@a(u+v)=au+avforalluy,v eV and a €F.
b)) (a+pB)u=au+ PuforallueVanda,pf €F.
(€) a(Bu) = (aB)uforallue Vand a,f € F.
(d) lu=uforallueV.
Remarks.
1. The elements of F are called scalars and the elements of V are called vectors.
2. The rule which associates with each scalar « € F and a vector v € V, a
vector av is called the scalar multiplication. Thus, a scalar multiplication
gives rise to a function from F X V — V defined by (a, v) — av.
Example 1:
R X R is a vector space over R under addition and scalar multiplication defined by
(1, x2) + (¥, ¥2) = (g + y1, %2 + y2) and a(xy, x;) = (axy, ax,)
Proof:
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Clearly the binary operation + is commutative and associative and (0,0) is the zero

element.

The inverse of (xq, x,) is (—x1, —x5).

Hence ( R X R, + ) is an abelian group.

Now, let u = (x4, x,) and v = (y,,y,) and let a, B € R.
Then a(u + v) = a[(xy, x;) + (¥1,¥2)]

= a(x; +y1, % +y2)
= (ax; + ay,, ax, + ay,)
= (ax;, axz) + (ay;, ay,)
= a(xy,x2) + a(y1,y2)
= au + av.

Now, (a + Bu = (a + B)(xq, x,)
= ((a + B)xy, (@ + B)x3)
= (ax; + Bxy, ax; + fx;)
= (axy, axy) + (Bxq, fx3)
= a(xy,xz) + B(x1,x7)
=au+ fu

Also a(fu) = a(ﬂ(xpxz))

= a(fxq, fx2)

= (afxqy, afx;)
= (af)(x1, x3)

= (aflu

Obviously 1u = u.

~ R X R is a vector space over R.

Example 2:

R™ = {(x4, x5, ..., x,)/x; € R,1 < i < n}. Then R" is a vector space over R under

addition and scalar multiplication defined by
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(xl,XZ, '"ixn) + (y1J Y2, "'lyn) = (xl + Y1, X3 + V2, ey X + yn)

And a(xq, xy, ... x,) = (axq, axy, ..., ¥X;,).

Proof:

Clearly the binary operation + is commutative and associative.
(0,0, ..., ...,0) is the zero element.

The inverse of (x4, x5, ..., X,) iS

(—x1, X2, w0, —Xp)

Hence (R™, +) is an abelian group.

Now, let u = (x4, x5, ..., x,,) and

v=_>1,Y -, Vy) and leta,B € R.

Then a(u + v) = a[(xy, x5, ... ... , Xp)

+(y1, Y2s oo s Vi)l
=a(x; + Y, X2 + Vo e e ,Xn + V)
= (ax; + ay,, ax, + ay,, .. .. , QX + aYy)
= (axq, axy, ..., axy) + (@y, ay,, ..., ayy)

= a(xy, X9, o, Xn) + @Y1, Vo oois V)
= au + av.

Similarly, (@ + f)u = au + fu and a(fu) = (af)u.

Obviously 1u = u.

~ R™ is vector space over R.

Note. We denote this vector space by V;, (R).

Example 3:

Let F be any field. Let F™* = {(xq, x5, ..., X,,) /x; € F}.

In F™ we define addition and scalar multipli. cation as in Example 2.

Then F™ is a vector space over F and we denote this vector space by 1}, (F).
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Note. In this example if we take n = 1 then we see that any field F is a vector

space over itself. The addition and scalar multiplication in this vector space are
simply the addition and multiplication of the field F.

Example 4:

C is a vector space over the field R.

Here addition is the usual addition in C and the scalar multiplication is the usual

multiplication of a real number and a complex number.

(x1 +ixp) +(yq +iyp) = (xg + 1) + i(xz +y2)
and a(x; +ix,) = ax; + iax,

(i.e)
Proof:

Clearly (C, +) is an abelian group. Also, the remaining axioms of a vector space
are true since the scalars and vectors involved are complex numbers and further the
operations are usual addition and multiplication Hence C is a vector space over R.
Example 5:

LetV = {a + bv2/a,b € Q}. Then V is a vector space over Q under addition and
multiplication.

Proof:

Obviously V is an abelian group under usual addition.

The remaining axioms of a vector space are true since the scalars and vectors are
real numbers and the operations are usual addition and multiplication. Hence V is a
vector space over Q.

Example 6:

Let F be a field. Then F[x], the set of all polynomials over F, is a vector space

over F under the addition of polynomials and scalar multiplication defined by

alag + a;x + -+ apx™)
=aay, + aa;x + -+ aa,x"
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Example 7:

The set V of all polynomials of degree < n including the zero polynomial in F[x]
Is a vector space over the field F under the addition and scalar multiplication
defined as in Example 6.

Proof:

Let f,g € V. Then f and g are polynomials of degree < n.

~ f+ g and af are of degree < n.

~f+gaf €V.

The other axioms of a vector space can easily be verified. Hence V' is a vector
space over F.

Example 8:

The set M,(R) of all 2 X 2 matrices is a vector space over R under matrix addition

o ) a b\ _(aa ab
and scalar multiplication defined by « (C d) = (ac ad)

Example 9:

Let V be the set of all functions from R to R.

Let f,g € V. We define

(f +9)(x) = f(x) + g(x) and

(@f)(x) = a[f(0)].

IV is a vector space over R. (verify)

Example 10:

Let V denote the set of all solutions of the differential equation

d?y dy .
2 ez 7d— + 3y = 0. Then V is a vector space over R.

X

Proof:
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Let f,g € Vand a € R.

Then2——7—+3f—0and
d’g _dg
2——7—+3 0
dx? dx+ 9=

’f d?g df dg
2<dx2 dx2> (d_ d_> 30 +9)=0

2

2o () =T (F+ ) 43¢+ ) =0
Hence f + g € V.
Also 22 (af) — 7% (af) + 3(af) = 0.
dx dx
Hence af e V.
Since the operations are usual addition and scalar multiplication, the axioms of
vector space are true.
Hence V is a vector space over R.
Example 11:
Any sequence of real numbers a,, a,, ..., ay,, ...... is usually denoted by the symbol
(a, ). Let V denote the set of all sequences of real numbers. V is a vector space

over the field of real numbers. The addition and scalar multiplication are defined

(an) + (bn) = (an + bn) and
a(an) = (C(Cln)

Example 12:

by

Let V = {0}. V is a vector space over any field F under the obvious operations of

addition and scalar multiplication.
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Example 13:

R is not a vector space over C.

Clearly (R, +) is an abelian group.

But the scalar multiplications are not defined, for if « = a + ib € Cand u € R,
then au = au + ibu & R.

=~ R is not vector space over C.

Example 14:

Consider R x R with usual addition. We define scalar multiplication by a(x,y) =
(ax, a?y). Then R X R is not a vector space over R. Clearly R x R with usual

addition is an abelian group.

(a+B)(x,y) = ((a+ B)x, (@ + B)*y)
= (ax + Bx,a’y + B*y + 2aBy)

Also, a(x,y) + B(x,y) = (ax,a’y) + (Bx, By)
= (ax + Bx, a’y + B?y).
Hence (a + B)(x,y) # a(x,y) + B(x,y).
~ R X R is not a vector space over R.
Example 15:
Consider R x R with usual addition. Define the scalar multiplication as a(a, b) =
(0,0). Clearly R x R is an abelian group. Also,
Ma(u+v)=0andau+av =0+ 0 =0;sothat a(u +v) = au + av.
(it) Similarly (a + f)u = au + pu = 0.
(i) a(Bu) = (af)u = 0.
However, 1(a, b) = (0,0).
Hence it is not a vector space.

Note. In this example all the axioms except the axiom 1u = u are satisfied. Hence
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the axiom 1u = u cannot be derived from the other axioms of the vector space.
Thus, the axiom lu = u is independent of the other axioms of the vector space. We
say that the axiom lu = u is irredundant.

16. Let V be the set of all ordered pairs of real numbers. Addition and
multiplication are defined by (x,y) + (x1,y1) = (x + x1,y + y;) and a(x,y) =
(x, ay) where x,y, x;,y; and a are real numbers.

Then V is not a vector space over R.

Clearly V is an abelian group under the operation + defined above

Leta,B € Rand (x,y) € V.

Now (a + B)(x,¥) = (x, (a + B)y)
= (x,ay + By)

Also a(x,y) + B(x,y) = (x,ay) + (x, By) = (2x,ay + By)

@+ B)xy) # alx,y) + B(x,y).

Hence V is not a vector space over R.

Example 17:

Let R*be the set of all positive real numbers, define addition and scalar
multiplication as follows

u+v =uv forall u,v € R*; au = u® forall u € R*and « € R. Then R¥is a real
vector space.

Proof:

Clearly ( R™, +) is an abelian group with identity 1. (verify)

Now,

10
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a(u+v) = a(uv)
= (uv)®
= y2pa
=au+ av
(a + Bu = u**F
= u*uf
=au+ fu
a(fu) = auf
= ()"
= ybPa
= y9b

= (af)u

Also, lu=ul =u
~ R¥is a vector space over R.
Exercises
1. Prove that the following are vector spaces over the stated fields under usual

operations.
(@) V = {a + bV2 + c¢V3/a,b,c € Q} over Q.

(b)V = {(g g) /a,b € R} over R.

(c) V = set of all constant functions from R to R.

(d) V = set of all expressions of the form ax + by + cz where a, b, c € R,
under usual addition and scalar multiplication over R.

(e) Let F be any field and X any non-empty set. Then F* is a vector space
over F.

MV ={012,x+1,x+22x+1,2x + 2,x,2x} € Z3[x] over Zs.

(@) V ={(a,b,c)/a,b,c € Qand a + 2b = 3c} over Q.

(hyV ={f/f € F[x] and f(a) = 0} over F.
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2. Show that the following are not vector spaces under usual addition and
scalar multiplication.
(@) Z over Q
(b) Q[x] over R
(c) Z over Zg
(d) The set of all polynomials in F[x] of degree n where n is a fixed positive
integer over F.
(e) The set of all polynomials in F[x] of degree = n where n is a fixed
positive integer over F.

3. Show that the following are not vector spaces.
(@) R x R with addition defined by (a,b) + (¢,d) = (a —¢,b — d) and
usual scalar multiplication.
(b) R x R with addition defined by (a, b) + (c,d) = (0, b + d) and usual
scalar multiplication.
(¢) R x R with usual addition and scalar multiplication defined by
a(a,b) = (0, ab).
(d) R x R with usual addition and scalar multiplication defined by
a(a,b) = (|a|a, |a|b).
(e)V ={0,x + 4,2x + 3,3x + 1} c Zg[x] w.r.t. addition modulo 5 and
scalar multiplication modulo 5.
(f) R x R with addition defined by (a, b) + (¢, d) = (ac, bd) and usual
scalar multiplication.
(9) R x R with addition defined by (a,b) + (c,d) = (a+c,b + d) and
scalar multiplication defined by k(a, b) = (k?a, k?b).

12
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4. V is the set of polynomials in R[x] of degree < 1. If f = ay+ ayxand g =
Bo + B1x, then we define

f+g="(ag+Bo) + (afs + a1Bo)x
and af = aay + aa;x.

Show that V is not a vector space over R.
5. Let X be any set. Show that g (X) is a vector space over Z, under the following
operations.

difa=0
Aifa =1

6.Let U and W be vector spaces over the same field F.V = {(u,v)/u € U,v € W}.

A+B=AAB,aA={

Show that V is a vector space over F with addition and scalar multiplication
defined by (u,w) + (W', w") = (u +u',w+w') and k(u, w) = (ku, kw) where
uu eU;w,w eWandk eF.

Remark.

Commutativity of addition in a vector space can be derived from the other axioms
of the vector space (i.e), the axiom of commutativity of addition in a vector space
is redundant, for,

A+Du+v)=1u+v)+ 1(u+v)
=lu+lv+1lu+1v
=u+v+u+v

Also, 1+ D(u+v)=A+Du+ 1+ v
=u+u+v+v,
~ut+v+ut+v=utu+v+vo.
s vtu=u-+v.

Theorem 1:

Let VV be a vector space over a field F. Then
(i) a0 =0 foralla € F.
(iOv=0forallveV.

13
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(iil) (—a)v = a(—v) = —(av) foralla € Fand v € V.

(Vyav=0=>a=00rv=0.

Proof:

(1) a0 = a(0 + 0) = a0 + 0. Hence a0 = 0.

(if) Ov = (0 + 0)v = Ov + Ov. Hence Ov = 0.

iio0=Jla+(—a)|lv=av+ (—a)v.

Hence (—a)v = —(av).

Similarly a(—v) = —(av).

Hence (—a)v = a(—v) = —(av)

(iv) Let av = 0. If @ = 0, there j, thing to prove.

~ Leta#0.Thena teF

Now, v = 1v = (@ la)v = a 1 (av)

=a 10 =0.

Exercises

1. LetV be any vector space over a field F. Show that
@ a(u—v) =au— av.
(O)au=avanda #0=>u =v.
CQau=pfuandu+0=a=_p.
2. Determine which of the following statements are true and which are false.

(@) {(a, 0,0)/a € R)} is a vector space over R.
(b) R[x] is a vector space over C.
(c) The set of all polynomials of even degree in R[x] is a vector space over
R.
(d) The set of all solutions in R X R of the equation x + 2y = 0 is a vector

space over R.

14
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(e) The sum of two vectors is a v

(f) The product of a scalar and a vector is a vector.
Answers.
2@QT MF QOF@T@ETMHT.
1.2. Subspaces:
Definition:
Let IV be a vector space over a field F. A non-empty subset W of V is called a
subspace of IV if W/ itself is a vector space over F under the operations of V.
Theorem 2:
Let V be a vector space over F. A non-empty subset W of V is a subspace of V iff
W is closed with respect to vector addition and scalar multiplication in V.
Proof:
Let W be a subspace of V.
Then W itself is a vector space and hence W is closed with respect to vector addition
and scalar multiplication.
Conversely, let W be a non-empty subset of IV such that
uveEWsu+veWandueWanda €F =>aueW.
We prove that W is a subspace of V.
Since W is non-empty, there exists an element u € W,
~0u=0eW.
AlsoveW = (-1)v=—-veWw.
Thus W contains 0 and the additive inverse of each of its element.
Hence W is an additive subgroup of V.

AlsoueWanda € F > au e W.

15
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Since the elements of W are the elemen.t-;c;% IV the other axioms of a vector space
are true in /.
Hence W is a subspace of I/.
Theorem 3:
Let V be a vector space over a field F. A non-empty subset W of V is a subspace of
ViffuveWanda,BEF = au+ v eW.
Proof:
Let W be a subspace of V. Letu,v € W and a; § € F.
Then au and fv € W and hence au + fv € W.
Conversely,
letu,veWanda,F EF=>au+LveW.
Takinga=p =1, wegetu,veW su+vew.
Taking 8 = 0, we get
a€FandueW = au e W. W is asubspace of I/,
Examples
1. {0} and V are subspaces of any vector space V. They are called the trivial
subspaces of V.
2. W ={(a,0,0)/a € R} is a subspace of R3. for, let u = (a, 0,0),v =
(b,0,0) e Wand a, 8 € R.
Then au + Bv = a(a, 0,0) + £(b,0,0)
= (aa + (b,0,0) € W,
Hence W is a subspace of R3.
Note. Geometrically W consists of all points on the x-axis in the Euclidean 3

space.

16
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3. InR3, W = {(ka, kb, kc)/k € R}E subspace of R3.

For, if u = (kqa, kb, k,c) and
v = (kya, k,b,k,c) EWand a, B €R
then au + v = a(kya, kb, kic) + B(kya, kyb, k,c)
= ((aky + Bky)a, (aky + Bky)b, (aky + Bky)c) €W
Hence W is a subspace of R3.
Note:
_Y_Z

Geometrically W consists of all points of the line E == provided a, b, ¢ are not

all zero. Thus, the set of all points on a line through the origin is a subspace of R3.
However a line not passing through the origin is not a subspace of R3, since the
additive identity (0,0,0) does not lie on the line.

4. W = {(a,b,0)/a, b € R} is a subspace of R3. W consists of all points of the xy-
plane.

5. Let W be the set of all points in R3 satisfying the equation Ix + my + nz =
0.W is a subspace of R3. For, let u = (aq, by, ¢1)

and v = (a,, b,,c,) €E Wand a, € R.

Then we have

la; + mby + nc; = 0 = la, + mb, + nc,.

Hence a(la, + mb; + ncy) + B(la, + mby,+nc,) = 0.

(i.e), l(@a; + Ba,) + m(aby, + Bb,) + n(ac,+Lcy) = 0.

(i.e), au + Bv € W so that W is a subspace of R3.

Note. Geometrically W consists of all points on the plane Ix + my + nz = 0,
which passes through the origin.

6. Let W = {f/f € F[x] and f(a) = 0}.

(i.e) W is the set of all polynomials in F[x] having a as a root where a € F. Then
17
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W is a vector space over F.

We observe that x — a € W and hence W is non-empty.

Let f,g € F[x]and a, 8 € F.

To prove that af + g € W we have to show that a is a root of af + Bg.
Now, (af + Bg)(a) = af(a) + Bg(a)

= a0+ B0 =0.

Hence a is a root of af + Sg.

~ af + Bg € W and hence W is a subspace of F[x].

a 0
0 b

Solved problems

7. W = { ]/a,b € R} Is a subspace of M, (R)

Problem 1:

Prove that the intersection of two subspaces of a vector space is a subspace.
Solution:

Let A and B be two subspaces of a vector space VV over a field F.

We claim that A n B is a subspace of V.

Clearly 0 € A n B and hence A N B is non-empty.

Now, letu,ve AnBanda,S € F.

Thenu,v € Aand u, v € B.

~au+pveAdandau+ fv €EB

(since A and B are subspaces)

~au+ fveEANB.

Hence A N B is a subspace of V.

Problem 2:

Prove that the union of two subspaces of a vector space need not be a subspace.

Solution:

18
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Let A = {(a,0,0)/a € R}
B = {(0,b,0)/b € R}.
Clearly A and B are subspaces of R3 (example 2 of 1.2).

However, A U B is not a subspace of R3.

For, (1,0,0) and (0,1,0) € AU B.

But (1,0,0) + (0,1,0) = (1,1,0) € A U B.

Problem 3:

If A and B are subspaces of V provethat A+ B={veV/v=a+b,a€AbE
B} is a subspace of V. Further show that A + B is the smallest subspace containing
A and B. (ie) If W is any any subspace of V containing A and B then W contains
A+ B.

Solution:

Letv,, v, €A+ Band a € F.

Thenv, = ay + by, v, = a, + b, where a,a, € Aand by, b, € B.

Now. "t + v, =(ay + by) + (a, + by)
’ = (a; +a,) + (by +b;) €A+ B.

Also a(a; + b;) = aa, + ab; € A + B.

Hence A + B is a subspace of V. Clearly A€ A+ Band B € A+ B.

Now, let W be any subspace of V containing A and B.

We shall prove that A+ B < W.

Letve A+ B. Thenv=a+ bwherea € Aand b € B.

SinceA € W,a € W. Similarly, b e W.

~a+b=veW.

~ A+ B € W sothat A + B is the smallest subspace of VV containing A and B.

19
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Problem 4:

Let A and B be subspace of a vector space V. Then A n B = {0} iff every vector
v € A + B can be uniquely expressed in the form v =a + b wherea € Aand b €
B.

Solution:

LetANB ={0}. Letv € A + B.

Letv =a; + b; = a, + b, where a,,a, € Aand b, b, € B.

Thena; —a, = b, — by.

Buta, —a, € Aand b, — b; € B.

Hence a; — a,,b, —b; € AN B.

SinceAnB ={0},a;, —a, =0and b, — b, = 0sothata, = a, and b; = b,.
Hence the expression of v in the form a + b where a € A and b € B is unique.
Conversely suppose that any element in A + B can be uniquely expressed in the
forma + b where a € Aand b € B.

We claim that A n B = {0}.

IfANB #{0},letveAnBandv # 0.

Then 0 = v —v = 0+ 0. Thus 0 has been expressed in the form a + b in two
different ways which is a contradiction. Hence A N B = {0}.

Definition:

Let A and B be subspaces of a vector space V. Then V is called the direct sum of A
and Bif (i) A+ B =V (ii)An B = {0}.

If V is the direct sum of A and B we write

V=A®B.

Note. V = A @ B iff every element of V can be uniquely expressed in the form

a+ bwherea € Aand b € B.
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Examples

1.

InV5(R) let A = {(a,b,0)/a,b € R} and B = {(0,0,c)/c € R}. Clearly 4
and B are subspaces of V and A n B = {0}. Also let v = (a, b, ¢) € V53(R).
Thenv = (a,b,0) + (0,0,c) sothat A + B = V3(R).

Hence V3(R) = A @ B.

a b

In M5 (R), let A be the set of all matrices of the form (0 0

) and B be the

set of all matrices of the form (2 2) Clearly A and B are subspaces of
M, (R) and
ANB = (0 O)andA+B = M,(R).

0 0 2

Hence M,(R) = A @ R.

Show that the following subsets of R are subspaces. Interpret them
geometrically.

(@) {(a,0,c)/a,c,€ R}

(b) {(a,b,c)/a =b = c}

(¢){(a,b,c)/a=b+c}

(d) {(a,b,a + b)/a,b € R}

Show that the set of all polynomials in R[x] having at least one rational root
Is not a subspace of R[x].

Let V be the set of all sequences in R. V' is a vector space over R. Let W be
the set of all convergent sequences in ¥V and U be the set of all sequences
converging to zero. Prove that (a) U is a subspace of W (b) U is a subspace
of V. (c) W is a subspace of V.

Let W be a subspace of V and U be a subspace of W. Then show that U is a

subspace of I/.
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7. Show that each of the foIIowing”s('J‘E"sméts of V3(R) is not a subspace.
@S ={(xy2)/x*+y*+2z2<1}
() S={xy2)/x+y+z=1}
©) S={xy2)/x=y =z}
Theorem 4:
Let V be a vector space over F and W a subspace of V. LetV/W = {W + v/v €
V}. Then V /W is a vector space over F under the following operations.
OW+v)+W+wvy) =W+ v, +v,.
(i) a(W +vy) =W + av;.
Proof:
Since W is a subspace of V it is a subgroup of (V, +).
Since (V,+) is abelian, W is a normal subgroup of ( V/, 4+ ) so that
(i) is a well-defined operation.
Now we shall prove that (ii) is a well-defined operation.
W+vi=W+v,>v,—v, €W

= a(vy, —vy) EW (since Wisa
> av,—av, €W
=>avi EW + av,
>W+avy =W + av,

Hence (ii) is a well-defined operation.

Now, let W + v, W + v, W +v3 €V /W

Then (W + vy) + [(W + v,) + (W + v3)]
=W+v)+ W+ v, +v3)

=W +v;+v, +v3

=W +v,+v,) + (W +v3)

=[(W +v) + W +v)] + (W + v3)
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Hence + is associative.

W+ 0=W €V/W is the additive identity element.
For(W+v)+W+0)=W+v,=W+0)+ W +v,)forallv, eV
Also W — v, is the additive inverse of W + v;.

Hence V /W is a group under + .

(W‘I‘Ul) + (W + Uz) =W + V1 + %)
Further =W+v,+1,
:(W+U2)+(W+v1)

Hence V /W is an abelian group.
Now, let «, 5 € F.

al(W +v)+ W +vy)]=aW + v, +vy)
=W+ a(v, +vy)
=W+ av; + av,
=W +avy) + (W + av,)
=aW +vy) +a(W —v,)
(a+BW+v)=W+ (a+ B)v,
=W + av, + v,
=W +avy) + (W + Bv,)
=aW +vy) +BW + v,)

alpW +v)] = a(W + pv,)
=W + afv,

= (ap)W +vy)
1W +v) =W + 1,
=W+,

Hence V /W is a vector space.

The vector space V /W is called the quotient space of V by W
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1.3. Linear Transformation
Definition:
Let V and W be vector spaces over a field F. A mapping T:V — W is called a
homomorphism if
@Tu+v)=Tw)+T(v)and
(b) T(au) = aT(u) wherea € Fand u,v € V.
A homomorphism T of vector spaces is also called a linear transformation.
(i) If T is 1-1 then T is called monomorphism.
(if) If T is onto then T is called an epimorphism.
(iii) If T is 1-1 and onto T is called an isomorphism.
(iv) Two vector spaces VV and W are said to be isomorphic if there exists an
isomorphism T from V to W and we write IV = W/.
(v) A linear transformation T:V — F is called a linear functional.
Examples
1. T:V — W defined by T(v) = 0 for all v € V is a trivial linear
transformation.
2. T:V — V defined by T(v) = v forall v € V is the identity linear
transformation.
3. Let V be a vector space over a field F and W a subspace of V. Then T:V —
V /W defined by T(v) = W + v is a linear transformation, for,
Twy+vy) =W+ (vy +v,)

=W +v)+ W +v,)
=Twy) + T(v,)

Also T(avy) =W +av,
=a(W +v,) = aT(v,)
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This is called the natural homomorphim from V to V/W. Clearly T is onto and

hence. T is an epimorphism.
4. T:V3(R) = V5(R) defined by
T(a,b,c) = (a,0,0) is a linear transforma. tion.

5. Let V be the set of all polynomials of degree < n in R[x] including the zero
polynomial. T:V — V defined by T(f) = % is a linear transformation.

d(f +g) _df dg

T - —
For, 7 +9) dx dx dx

=T()+T(9)
Also T(af) = %L = o L = a1 (f).

6. Let VV be as in Example 5.

ThenT:V — V,,1(R) defined by T(ay, + ayx + -+ ... + apx™)

= (ay, aq, ..., ay) is a linear transformation

For,let f =ay+a;x+--+a,x"and g = by + byx + -+ b x™.
Then f + g = (ag + by) + (ay + by)x + -+ (a, + b)r"

~ T(f +9) =((a0 + bo), (ay + by)... (a, + bn)))

:(ao, al, ey an) + (bo, bl' ...,bn)

=T(f) +T(9)

Also T(af) =(aay, aay, ..., ..., @a,)
=a(ag, Ay, ey o) Ay)
=aT (f)

Clearly T is 1 — 1 and onto and hence T is an isomorphism.
7. Let V denote the set of all sequences in R, T:V — V defined by

T(aq,ay,...,ay, ...) = (0,a4,a,, ...a,, ...) is a linear transformation.
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8. T:R? — R? defined by
T(a,b) = (2a — 3b,a + 4b) is a linear transformation.
Letu = (a,b) and v = (c,d) and a € R.

~ T(u+v)=T((a,b)+ (c,d))
=T(a+cb+d)
=2(a+c)—3(b+d),(a+c)+4(b+4d))

=(2a+2c—3b—3d,a+c+4b + 4d)
=2a—-3b+2c—3d,a+4b +c+4d)
= (2a—3b,a+4b) + (2c —3d,c + 4d)
=T(a,b) + (c,d)

=T(u) +T(v)

Also, T(au) = T(a(a, b))

= T(aa,ab)

= (2aa — 3ab,aa + 4ab)
= a(2a — 3b,a + 4b)

= aT(a,b)

= aT (u).

~ T is a linear transformation.

Theorem 5:

Let T:V — W Dbe a linear transformation. Then T(V) = {T(v)/v € V}isa
subspace of /.

Proof:

Let w; and w, € T(V) and a € F. Then there exist v;, v, € V such that T(v,) =

Wq and T(vz) = Wsy.
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Hence w; + w, = T(vy) + T(v,)

=T, +v,) ETV).

Similarly, aw; = aT(v,) = T(av,) € T(V).

Hence T (V) is subspace of /.

Definition:

Let V and W be vector spaces over a field F and T:V — W be a linear
transformation. Then the kernel of T is defined to be

{v/v eV and T(v) = 0} and is denoted by ker T.

Thus kerT = {v/v € V and T(v) = 0}.

For example, inexample 1, ker T = V.

In example 2, kerT = {0}.

In example 5, kerT is the set of all constant polynomials.

Note. Let T: V — W be a linear transformation. Then T is a monomorphism iff
kerT = {0}

Theorem 6: (Fundamental theorem of homomorphism)

Let IV and W be vector spaces over a field F and T: V — W be an epimorphism.

Then (i) kerT = V; is a subspace of VV and
I 4 ~
(i) y = w.

Proof:

(i) Given V; = kerT = {v/v € Vand T (v) = 0}
Clearly T(0) = 0. Hence 0 € kerT = V;.

~ V; is nonempty subset of V.

Letu,v € kerT and a, 8 € F.

~ T(u)=0and T(v) = 0. Now
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T(au+ pv) =T(au) + T(Lv)
=aT(u) + BT (v)
= a0+ [0
=0

~ au + v € kerT

=~ By theorem 3, ker T is a subspace of V.
(if) We define a map ¢: = — W by

oV, +v) =T().
@ is well defined. LetV;, + v =V; + w.

~VEV+w

~ v =vy +wwherev,; €V
S TWw)=Tw,+w)=TwWwy) +T(u
=0+Tw)=7

o +v) =V +w)
pisl —1.

eV, +v) = oV +w)

= Tw) =TWw)
=>Tw)—Tw)=0
>TWw)+T(—w) =0
>Tw—-w)=0
>v—wekerT =V,
>veV,+w
>V+v=V,+w.

@ Is onto.

Let w € W. Since T is onto there exists v € VV such that T (v) = w.
s +v)=w,

sV +v)=w.

¢ is a homomorphism.
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oV +v)+ (L +w)] = o[V; + (77 + W)]
=T(w+w)

=Tw)+T(w)

=1 +v)+ e +w)

Also pla(V; + v)] = o(V; + av)
= T(av)
= aT (v)
=aT(V; + v)

. . . %4
~ ¢ is an isomorphism from _-onto w.
1

|4

~

. ?1 —
Theorem 7:
Let IV be a vector space over a field F.

Let A and B be subspaces of V.

A+B _ B
Then 22 = £
~ ANB’

Proof:

We know that A + B is a subspace of V containing A.

A+B .
Hence e is also a vector space over F,

An element of% is of the form A+ (a + b) wherea € Aand b € B. But A +
a = A.

Hence an element of % is of the form A + b.

Now, consider f: B — % defined by

f(b)=A+b.
Clearly f is onto.
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f(by +by)=A+ (by + by)
=(A+b)+(A+Dby)
= f(by) + f(by)

and f(ab,) = A + ab,
=a(A+ by)
= af(by)

Hence f is a linear transformation.

Let K be the kernel of f.

ThenK = {b/b € B,A+ b = A}.

Now, A+ b =Aiffbe A. Hence K = AN B.

Also

_ A+B

Hence by theorem 6, SN
ANB A

Theorem 8:

Let IV and W be vector spaces over a field F. Let L(V, W) represent the set of all
linear transformations from V to W. Then L(V, W) itself is a vector space over F
under addition and scalar multip iication defined by

f+9)() = f(w) +g) and (af)(v) = af (v).

Proof:

Letf,g e L(V,W)and vy,v, €V.

Then (f + @) (v, + v5) = f(vy + v2) + g(vy + v3)

=fw) + f(v) + gwy) + g(vy)
=f(w) +gwy) + f(v) + g(vy)
=(f+9)w)+{ +9)wy)
(f + g)(av) = f(av) + g(av)
=af(v) +ag()
alf(v) + g(v)]
=a(f +g)(W).
Hence (f +g) € L(V,W).

Also
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(af)(vy +vy) =

af (vy) + af (vy)
alf(vy) + f(v,)]

= af (v, +v;)
Also (af)(Bv) = a[f(Bv)] = a[Bf (V)]

= Blaf ()] = Bl(af)(W)].

Now,

Hence af € L(V,W).

Addition defined on L(V, W) is obviously commutative and associative.
The function f:V — W defined by f(v) = 0 forall v € V is clearly a linear
transformation and is the additive identity of L(V, W).

Further (—f):V — W defined by

(—=f)(v) = —f(v) is the additive inverse of f.

Thus L(V, W) is an abelian group under addition.

The remaining axioms for a vector space can be easily verified.

Hence L(V, W) is a vector space over F.

Exercises

1. Let V and W be vector spaces over a field F. Show that a mapping T:V —
W is a linear transformation iff
T(av, + Bvy) = aT(vy) + BT (v,) forall vy, v, eV and a.f € F.

2. For each of the linear transformations T given in examples of section 1.3
determine whether it is one-one and onto. Also find its kernel.

3. Find the kernel of the following linear transformations.
(i) T:V,(R) - V,(R) defined by T (x1, x5, x5, x4) = (x4, 0,x3,0).
(i) T:V3(R) = V3(R) defined by T(a, b,c) = (a, b, 0).
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4. LetV and W be two vector spaces g\m/"er afield Fand T:V — W be a linear
transformation. Show that if V; is a subspace of V.T (V) is a subspace of W
and if W; is a subspace of W, T~1(W,) is a subspace of V.

5. Prove that T:V5(R) — R defined by T(x,y,z) = x?> + y2 + z% isnot a
linear transformation.

6. Determine which of the following statements are true.

(@) Any line passing through the origin is a subspace of V5(R)

(b) Any plane passing through the origin is a subspace of V3 (R)

(c) If A and B are subspaces of V then

(i) A+ B is asubspace of I. (ii) A is a subspace of A + B.

(iii) B is a subspace of A + B.

(iv) Every element of A + B can be uniquely written in the form a + b
wherea € Aand b € B. (V) (iv) istrue iff An B = {0}

Answers.

3. 1. Not 1-1, not onto; kernel V. 2.1-1 and onto; kernel = {0}. 3. Not 1-1, onto
kernel = W 4. Not 1-1, not onto;
kernel = {(0,b,c)/b,c € R} 5. Not 1-1 not onto; kernel = all constant
polynomials 6. 1-1 and onto; kernel = {0} 7. 1-1, not onto; kernel = {0}

2. (1) Not 1-1, not onto;
kernel {(0,a,0,b)/a,b € R}
(i1) Not 1-1, not onto;
kernel {(0,0,c)/c € R}

3. @TOTE)[]TI]TIN]TIiv] Fv]T.
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UNIT I
Span of a set—Linear Dependence and Independence—Basis and Dimension.
Chapter 2: Sections-2.1 to 2.3

2.1. Span of a set
Definition:

Let V be a vector space over a field F.

Let v;vy, cv e oo ,Up, € V. Then an element of the form a;v; + a,v, + -+ ... +
a,v, Where a; € F is called a linear combination of the vectors v, v,, ... ... , Up.
Definition:

Let S be a non-empty subset of a vector space V. Then the set of all linear
combinations of finite sets of elements of S is called the linear span of S and is
denoted by L(S).

Note. Any element of L(S) is of the form ayv; + a,v, + -+ 4+ a, v, Where
i, Ay, .,y €EFF,

Theorem 1:

Let IV be a vector space over a field F and S be a non-empty subset of V. Then

(i) L(S) is a subspace of V.

(i) S < L(S).

(iii) If W is any subspace of VV such that S € W, then L(S) € W
(ie), L(S) is the smallest subspace of IV containing S.

Proof:

(i) Letv,w e L(S)and a,B € F.

Thenv = ayv; + ayv, + -+ . +a, v, Where v; € S and a; € F.

Also, w = Byw; + Bowy + -+ ... + Bawy, Where wj € S and ; € F.
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Now, av + fw = a(a,v; + a,v, + ﬁ;anvn) + B(Bywy + Bow, +
L Win).
= (aa))vy + - . + (@) vy, + (BBIWL + - oo + (BB ) Wi
~ av + Pw is also a linear combination of a finite number of elements of S.
Hence av + fw € L(S).
~ L(S) is a subspace of V.
(ii) Letu € S.
Thenu = 1u € L(S). Hence S < L(S).
(iii) Let W be any subspace of V such that S € W. We claim that L(S) € W.
Letu € L(S)
Thenu = auq + azuy + - .. .. + a,u, whereu; € Sand a; € F.
Since S € W we have uq, u,, ... ... ,U, EW.
Loaquq + ayuy + o Fau, € WL (since u is a subspace of V)
~ u€W.Hence L(S) S V.
Note. L(S) is called the subspace spanned (gener. ated) by the set S.
Examples

1. InV5(R) let e; = (1,0,0), e, = (0,1,0) and e; = (0,0,1)

(@) Let S = {eq, €5}

Then L(S) = {ae; + Bey/a,B € R} = {(a,5,0)/a,B € R}
(b) Let S = {e;, e5,e3}. Then

L(S)={ae, + e, tves/a,B,y € R}
={(a,B,v)/a, B,y € R}
= V3(R)

Thus V5 (R) is spanned by {e,, e,, e3}.
2. InV,(R), let e; = (1,0, ...0), e, = (0,1,0, ...,0), ..., e, = (0,0, ...,1) Let S =
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L(S) = {ae1 + aze; + -+ ane,/a; € R)

= {(ay, ay, ... ... ,an)/a; € R}
= VL (R)

Thus V, (R) is spanned by {e,, e,, ..., €,,}.
Theorem 2:

Let VV be a vector space over a field F.
LetS,T € V. then

(@) S ST = L(S) S L(T).

(b) L(SUT) = L(S) + L(T).

(c) L(S) = S iff S is a subspace of V.
Proof:

(@) Let S S T. Lets € L(S).

Thens = ays; + ays, + -+ .. +a,s, where s; € Sand a; € F.
Now, since S € T,s; €T.

Hence ays; + azsy, + - ...+ a,s, € L(T).
Thus L(S) < L(T).

(b) Lets e L(SUT).

Thens = a;5; + ays, + . +a,s, Wwheres; ESUT and a; € F.

Without loss of generality we can assume that

S1,S2, -, Sm €S

Hence ays; + a3s, + -+ a5, € L(S) and
Ama1Sma1 T o e e + a,s, € L(T).

&S = (a8, + .. +ASy)

+(Ams1, Smer + o+ aySy) € L(S) + L(T).
Hence L(SUT) € L(S) + L(T).
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Hence L(S) + L(T) €S L(SUT)
Hence L(SUT) = L(S) + L(T).
(c) Let L(S) = S. By theorem 5.9L(S) = S is a subspace of V.
Conversely, let S be a subspace V. Then the smallest subspace containing S is S
itself.
Hence L(S) = S.
Corollary. L[L(S)] = L(S).
Exercises
1. Find L(S) in the following cases.
@), S ={(1,0),(0,1)} inV2(R)
(b) S = {(1,0,0)(2,0,0), (3,0,0)} in V5(R)
©) S ={(1,2,3),(2,3,1), (3,1,2)} in V5(R)
(d) S ={(2,0)} inV>(R).

NS ={(1,23)}inZs X Zs X Z5 over Zs.
(9) S ={(0,1,2),(1,2,0)} inZ3 X Z3 X Z3 over Zs.

(h)Sz{((l) 8)((1) 8)}ian(R).

2. LetV be a vector space over a field F and S = {v,, vy, ..., v} € V.
LetS; = {avq, ayvy, ..., ayvy} Where a; € F — {0}.
LetS, = {v, + av,, v,,vs, ..., v, } Where a € F.
Show that L(S) = L(S;) = L(S,).

3. Show that in V,(R), (3,7) € L({(1,2), (0,1)}).
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Answers:

L@ V2(R) (0){(x,0,0)/xeR} (c)Vz(R)  (d){(x,0)/x €R}
(e) The set of all polynomials of degree < n and zero polynomial.

(f) {(0,0,0),(1,2,3), (2,4,1)(3,1,4), (4,3,2))}

(9) {(0,0,0), (0,1,2), (1,2,0), (1,0,2),
(0,2,1),(2,1,0),(2,0,1),(1,1,1),(2,2,2)}

(h){g 8]| a,b € R}

2.2. Linear Independence:
InV3(R), let S = {e;, e,, e5}. We have seen that L(S) = V5(R).
Thus S is a subset of /3 (R) which spans the whole space V5 (R)
Definition:
Let IV be a vector space over a field F. V is said to be finite dimensional if there
exists a finite subset S of V such that L(S) = V.
Examples
1. V5(R) is a finite-dimensional vector space.
2. V,(R) is a finite dimensional vector space. since S = {e;, e,, ... ... ,eptisa
finite subset of 17, (R) such that L(S) = V},(R). In general if F is any field
7, (F) is a finite dimensional vector space over F.
3. Let V be the set of all polynomials in F[x] of degree < n. Let S =
{1,x,x2, ... ,x™}. Then L(S) = V and hence V is finitedimensional.
4. Cis a finite-dimensional vector space over R, since L({1,i}) = C.

5. In M, (R) consider the set S consisting of the matrices
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- 9= b

c=(2 Dip=() ?). Then

1 0 0 1
(¢ P)=aa+bB+cC+dp
Hence L(S) = M,(R) so that M, (R) is finitedimensional.
Note:

All the vector spaces, we have considered above are finite dimensional. However,
there are vector spaces which cannot be spanned by a finite number of vectors. For
example, consider R[x]. Let S be any finite subset of R[x]. Let f be a polynomial
of maximum degree in S. Let degf = n. Then any element of L(S) is a polynomial
of degree < n and hence L(S) # R[x] Thus R[x] is not finite-dimensional.
Throughout the rest of this chapter all the vector spaces we consider are finite
dimensional."”
Although we have defined what is meant by a finite dimensional space, we have not
yet defined what is meant by the dimension of a vector space. We now proceed to
introduce the concepts necessary to define the dimension of a finite dimensional
vector space.
Consider the vectors e; = (1,0,0),

e, = (0,1,0), e3 = (0,0,1) in V5 (R).
Suppose that a,e; + aye, + aze; = 0.
Then (ay,0,0) + (0, @, 0) + (0,0, @3) = (0,0,0).

o (aly aZJ a3) = (OJOJO)
" a1=a2=a3=0

(le) alel + azez + a3e3 = O Iff al = az = ag = 0
Thus, a linear combination of the vectors, e, e, and e; will yield the zero vector iff

all the coefficients are zero.
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Definition:
Let IV be a vector space over a field F, A finite set of vectors vy, vy, ... ... ,Up INV IS

said to be linearly independent if

avy +av + -t av, =02 =a, =-=a, =0

If vy, vy, ... ... , U, are not linearly independent, then they are said to be linearly
dependent.
Note. If v,,v,, ..., v, are linearly dependent, then there exist scalars
A1, Ay, e e , &, not all zero, such that ;v + -+ + a,. v, = 0.
Examples
1. InV,(F),{eq, ey, ....,e,} is a linearly independent set of vectors, for,

aeq + aze; + .t aye, =0
= a4,(1,0, ...... ,0) + a,(0,1, ...... ,0)

= (0,0, ... ... ,0)
= (a1ay, .. .. ) = (0,0, ... ... ,0)
ﬁ(xl:az:-“ =a, =

2. In V5 (R) the vectors (1,2,1), (2,1,0) and (1, —1,2) are linearly independent.
For, let
a;(1,2,1) + a,(2,1,0) + as(1,—1,2) = (0,0,0)
o (o + 205 + a3, 204 + @y, — as, a1 + 2a3) = (0,0,0)

Solving equations (1), (2) and (3) we get @y = a, = a3 = 0.
=~ The given vectors are linearly independent
3. In V5(R) the vectors (1,4,—-2), (—2,1,3) and (—4,11,5) are linearly dependent.

For, let
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T ——

ay (1,4, —2) + ay(~2,1,3)+as(—4,11,5) = (0,0,0)

% al —_ 2“2 — 4“3 :0 ...... (1)
4“1 + az + 11“3 :0 ...... (2)
—20!1 + 3“2 + 5“3 :0 ...... (3)
From (1) and (2),
1 %2 _ %3 _
-18 -27 9 ke (say)

~ ay = —18k,a, = =27k, a; = 9k.
These values of a4, @, and a3, for any k satisfy (3) also.
Taking k = 1 we get
a, = —18,a, = —27, a3 = 9 as a non-trivial solution.
Hence the three vectors are linearly dependent.
4. Let VV be a vector space over a field F. Then any subset S of IV containing the
zero vector is linearly dependent.
Proof. Let S = {0, v, ... ... , Un )
Clearly a0 + Ov; + Ov, + -+ ... 4+ Ov,, = 0 where is any element of F. Hence for
any a # 0, we get non-trivial linear combination of vectors in S giving a zero
vector. Hence S is linearly dependent.
Exercises:
1. Determine whether the following sets of vector are linearly independent or
linearly dependent in V5(R).
@) {(1,0,0),(0,1,0), (1,1,0)}.
(b) {(1,2.3), (2,3,1)}.
(c) {(1,2,3), (4,1,5), (—4,6,2)}.
(d) {(0,0,0), (2,5,3), (—1,0,6)}.
(e) {(1,0,0),(1,1,0), (1,1,1),(0,1,0)}.
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not.

@) {(1,1,0,0),(0,0,1,1)(1,0,0,4). (0,0,0,2)} in V,(R).

(b) {(2i,1,0), (2,—i,1),(0,1,+i,—i)} in V5(C).

(c) {(m,0,0), (0,e,0),(0,0,V5)} in V5(R).

(d) V = the set of all polynomials of degree < n in R[x] and

S={1,xx2% .., ..,.x"}

@ oG o o )fnM®

3. In V53(Zs) determine whether the following sets of vectors are linearly
dependent.
(8 {(1,3.2), (2,1,3)}
(b) {(1,1,2), (2,1,0), (0,4,1)}.
4. In V,(R) prove that the vectors (a, b) and (c, d) are linearly dependent iff ad —
bc = 0.
5. Let {v,, v,, v3} be a linearly independent set of vectors in V5(R).
Show that
(@) {vy + vy, vy + v3, V3 + vy} is linearly independent.
(b) {2v; + vy, v, + vy, vy — v3} s linearly independent.
6. If the vectors (0,1,a), (1,a,1) and (a, 1,0) of V/5(R) are linearly dependent then
find the value of a.
Answers.

1. (b) is linearly independent.

2. (a), (b), (c), (d) and (e) are linearly independent.

3. (a) is linearly independent 6. a = 0, ++/2.
41

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.



Theorem 3:
Any subset of a linearly independent set is linearly independent.
Proof. Let V be a vector space over a field F.

LetS = {v,, vy, ..., v, } be a linearly independent set.

Let S’ be a subset of S. Without loss of generality we take S’ = {v,, v,, ... ... , Ui}
where k < n.
Suppose S’ is a linearly dependent set. Then there exist aq, a,, ... ... ... , 4 In F not

all zero, such that

a vy + avy + oo + agv, =

Hence a;v; + ayvy + -+ . + ap vy + 0vgyq + -+ ... + Ov,, = 0 IS @ non-trivial
linear combination giving the zero vector.

Here S is a linearly dependent set which is a contradiction.

Hence S’ is linearly independent.

Theorem 4:

Any set containing a linearly dependent set is also linearly dependent.

Proof:

Let V be a vector space. Let S be a linearly dependent set. Let S’ 5 S.

If S” is linearly independent S is also linearly independent (by theorem 5.11) which
is a contradiction. Hence S’ is linearly dependent.

Theorem 5:

Let S = {vy,v,, ..., v, } be a linearly independent set of vectors in a vector space V
over a field F. Then every element of L(S) can be uniquely written in the form
av1 + ayvy + - .+ a, v, where a; € F.

Proof:

By definition every element of L(S) is of the form
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vy +ayvy + e ap v,

Now, let @y v, + ayv, + -+ a,v, = By + Povy +

Hence (a; — B)v, + (ay — B)v, + -+ oo+ (ay, — B vy, = 0.

Since S is a linearly independent set, &, — 8; = 0 for all i.

~ a; = B; for all i. Hence the theorem?

Theorem 6:

S = {v,,v,, ..., v} is a linearly dependent set of vectors in V' iff there exists a

vector v, € S such that vy, is a linear combination of the preceding vectors

Suppose vy, vy, ..., vy, are linearly dependent.
Then there exist a4, ay, ... ... , &, € F, not all zero, such that
avq + ayv, + - tapv, = 0.

Let k be the largest integer for which «;, # 0.

Then vy + -+ ...+, = 0.

(kak = —alvl —_ 0(2172 ......... — ak_lvk_l
o = (Cagta)vy et (= )
SV = (=ag a1)V; Ay Ap—1)Vg-1

. vy Is a linear combination of the preceding vectors,
Conversely, suppose there exists a vector v, such that
UV = AV + o A1 Vg—1.
Hence —a vy — " — Qp_1Vg_1 + Vg + OUp 1 +

-+ 0v, =0
Since the coefficient of v, = 1, we have

S ={vg . , U} is linearly dependent.
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Example.

In V3(R), let S = {(1,0,0), (0,1,0), (0,0,1), (1,1,1)

Here (1,1,1) = (1,0,0) + (0,1,0) + (0,0,1).

Thus (1,1,1) is a linear combination of the preceding vectors. Hence S is a linearly
dependent set.

Theorem 7:

Let V be a vector space over F. Le S = {vq, vy, ... ... ,Upyand L(S) = W. Then
there exists a linearly independent subset S’ of S such that L(S") = W.

Proof:

Let S = {vq, vy, ... ... , Upt.

If S is linearly independent there is nothing to prove

If not, let v, be the first vector in S which is a linear combination of the preceding
vectors.

LetS, = {vy,v,, ... .. s Uk—1s Ukg1s oen on , Unt.

(i.e) S; is obtained by deleting the vector v from S.

We claim that L(S;) = L(S) = W.

Since §; € S,L(S;) € L(S). (refer theorem 5.10).

Not, let v € L(S).

Thenv = aqvy + .. +aivy + - + a, ;.

Now, vy is a linear combination of the preceding vectors.

Letv, = fiv1 + -+ o+ Lr_1Vk—1-

Hence v = avy + oo+ @p_qVp—q + @ (B0 oo By 1Vi—1) + X1 Vis1 +
ot ap v,

v can be expressed as a linear combination of the vectors of S; so that v € L(S,).

Hence L(S) < L(S,)

44

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.



Thus L(S) = L(S;) = W.

Now, if S; is linearly independent, the proof is complete.

If not, we continue the above process of removing a vector from S;, which is a
linear combination of the preceeding vectors until we arrive at a linearly
independent subset S’ of S such that L(S") = W.

2.3. Basis and Dimension:

Definition:

A linearly independent subset S of a vector space V which spans the whole space V
Is called a basis of the vector space.

Theorem 8:

Any finite-dimensional vector space V contains a finite number of linearly
independent vectors which span V. (ie) A finite dimensional vector space has a
basis consisting of a finite number of vectors.

Proof:

Since V is finite dimensional there exists a finite subset S of V such that L(S) = V.
By theorem 5.15 this set S contains a linearly independent subset S’ =

{vy, vy .. , U} such that

L(S)=L(S) =V.

Hence S’ is a basis for V.

Theorem 9:

Let V be a vector space over a field F. Then S = {v,, v,, ..., v,,} is a basis for V iff
every element of V can be uniquely expressed as a linear combination of element
of S.

Proof:
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Let S be a basis for V.

Then by definition S is linearly independent and L(S) = V. Hence by theorem 5
every element of VV can be uniquely expressed as a linear combination of elements
of S.

Conversely, suppose every element of IV can be uniquely expressed as a linear
combination of elements of S.

Clearly L(S) = V.

Now, let oy v + ayv, + -+ .. +a, v, = 0.

Also, Ov; + Ovy + -+ + Ov,, = 0.

Thus we have expressed 0 as a linear combination of vectors of S in two ways.
~ By hypothesis a; = a, =--..= a, = 0.

Hence S is linearly independent. Hence S is a basis.

Examples

S =1{(1,0,0),(0,1,0),(0,0,1)} is a basis for V5 (R) for, (a, b, c) = a(1,0,0) +
b(0,1,0) + ¢(0,0,1).

~ Any vector (a, b, ¢) of V5(R) has been expressed uniquely as a linear

combination of the elements of S and hence S is a basis for V5 (R)

2.5 ={ej, ey, ... , e, } is a basis for V, (F). This is known as the standard basis for
Va (F).

3.5 ={(1,0,0), (0,1,0), (1,1,1)} is a basis for V5(R).

Proof:

We shall show that any element (a, b, ¢) of V5(R) can be uniquely expressed as a
linear combination of the vectors of S.

Let (a,b,c) = «(1,0,0) + £(0,1,0) + y(1,1,1)
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Thena+y=a,f+y=b,y=c.
Hencea =a—candf =b —c.
Thus (a, b,c) = (a — ¢)(1,0,0)
+(b —¢)(0,1,0) + ¢(1,1,1).
~ Sis a basis for I/3(R)

4.5 = {1} ii a basis for the vector space R over R.
55={(5 o) o) o)

[8 (1’]} s a basis for M, (R), since any matrix (% Z
(¢ D=alo 0)+2( o

+e(} )+a( )

6.{1,i} is a basis for the vector space C over R.

) can be uniquely written as

7.Let V be the set of all polynomials of degree < n in R[x]. Then
{1,x,x2, ...... ,x"} is a basis for V.
8.{(1,0), (i,0), (0,1),(0, i)} is a basis, for the vector space C x C over R, for

(a+ib,c+id) =
a(1,0) + b(i,0) + c(0,1) + d(0,Q)

9.5 = {(1,0,0),(0,1,0),(1,1,1), (1,1,0)} spans the vector space V3(R) but is not a
basis.

Proof. Let S’ = {(1,0,0), (0,1,0), (1,1,1)}

Then L(S") = V5(R) (refer example 3).

Now, since S € S', we get L(S) = V3(R).

Thus S spans V5(R).

But S is linearly dependent since

(1,1,0) = (1,0,0) + (0,1,0)
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Hence S is not a basis.

10. S = {(1,0,0), (1,1,0)} is linearly independent but not a basis of V5(R).
Proof. Let «(1,0,0) + £(1,1,0) = (0,0,0). Thena + 8 =0and f = 0.

~ a =B = 0. Hence S is linearly independent.

Also L(S) = {(a,b,0)/a,b € R} # V5(R).

~ S is not a basis.

Exercises

1.

Show that the following three vectors from a basis for v;(R).

(a) (1,2,-3),(2,5,1),(—1,1,4)

(b) (1,1,0), (0,1,1),(1,0,1)

(c) (2,-3,1),(0,1,2),(1,1,2).

Show that the following sets of vectors do not  orm a basis for V5 (R).
(@ {(1,0,0), (1,1,0)}

(b) {(1,2,1),(1,3,5),(—-1,0,1), (1,—1,2)}

(c) 1(0,0,0),(1,0,0), (0,1,0), (0,0,1)

(d) {(3,2,1), (3,1,5), (3.4, —7)}

(6) {(1,2,3), (2.3,4), (3.4.5)}

Show that (1, i, 0), (2i,1,1), (0,1 + i,1 — i) form a basis for V/5(C).

Find a basis for the vector space consisting of all matrices of the form
a b

@ )
a 0

® )

If {v,, vy, v3} is a basis for V5 (R), show that {v; + vy, v, + v3,v3 + v1} IS
also a basis. Is this true in (a) V5(Z,) (b) V5(Z3) ?
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ANswers.

+@{( 06 oG 1)
O{( oG D}

Theorem 10:

Let V be a vector space over a field F. Let S = {v,, v,, ..., v, } span V. Let

S = {wy, w,, ...,w,, } be a linearly independent set of vectors in V. Thenm < n.
Proof:

Since L(S) =V, every vector in V and in particular wy, is a linear combination of
V1, V3, o, Up.

Hence S; = {wy, v, v,, ..., v, } is a linearly dependent set of vectors. Hence there
exists a vector v, # w; in S; which is a linear combination of the preceding
vectors.

Let S, = {wy,Vq, o), Vk—1, Vk g1 oo » Un -

Clearly, L(S,) = V.

Hence w, is a linear combination of the vectors in S,.

Hence S; = {w,, Wy, V4, ..., Vk—1, Vk+1, ---» Vn} IS linearly dependent. Hence there
exists a vector in S5 which is a linear combination of the preceding vectors. Since
the w; 's are linearly independent, this vector cannot be w, or w; and hence must
be some v; where j # k (say, with j > k ). Deletion of v; from the set S5 gives the
set

Sy = (wz,wl,vl, V2, ey V=1, V41, - Vj—q, VYth..., in of n vectors spanning V.

In this process, at each step we insert one vector from {w,, ws, ..., w,,} and delete

one vector from [vq, vy, ..., Up).
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If m > n after repeating this process n tlmes we anive at the set (w,,, w,_1 ..., w;)
which spans V.

Hence w,, 4 is a linear combination of wy, w, .... w,,. Hence

{wi, wy, .., Wy, Wy yq, ..., Wy, } is linearly dependent which is a contradiction.
Hence m < n.

Theorem 11:

Any two bases of a finite dimensional vector space V have the same number of
elements.

Proof:

Since V is finite dimensional, it has a basis say S = {v,, v,, ..., U, }.

LetS" = {w;, w,, ..., w,,} be any other basis for V.

Now, L(S) =V and S’ is a set of m linearly independent vectors. Hence by
Theorem 10, m < n.

Also, since L(S") = V and S is a set of n linearly independent vectors, n < m.
Hence m = n.

Definition:

Let IV be a finite dimensional vector space over a field F. The number of elements
in any basis of V is called the dimension of VV and is denoted by dimV'.

Examples

1. diml},(R) = n, since {ey, e,, ..., e, } is a basis of I/, (R).

2. M,(R) is a vector space of dimension 4 over R since {((1) 8) ) (8 (1))
0 0] (0 O
1 O] ’ (O 1
3. Cis a vector space of dimension 2 over R since {1, i} is a basis for C.

)} iIs a basis for M, (R).
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4. LetV be the set of all polynomials cn)"l;"degree < nin R|x|,V is a vector space
over R having dimension n + 1, since (1, x, x?, ..., x™) is a basis for V.
Theorem 12:
Let V be a vector space of dimension n. Then
(i) any set of m vectors where m > n is linearly dependent.
(i) any set of m vectors where m < n cannotspan V.
Proof:
(i) Let S = {vy, vy, ..., v, } be a basis for V. Hence L(S) = V.
Let S’ be any set consisting of m vectors where m > n. Suppose S’ is linearly
independent. Since S spans V by Theorem 10, m < n which is a contradiction.
Hence S’ is linearly dependent.
(ii) Let S’ be a set consisting of m vectors where m < n.
Suppose L(S') = V.
Now, S = {v,,v,, ..., v, } is a basis for V and hence linearly independent. Hence by
Theorem 10,n < m which is a contradiction. Hence S’ cannot span V..
Theorem 13:
Let IV be a finite dimensional vector space over a field F. Any linearly independent
set of vectors in V is part of a basis.
Proof:
Let S = {v,,v,, ..., v,.} be a linearly independent set of vectors.
If L(S) =V then S itself is a basis.
If L(S) # V, choose an element v,.,; € V — L(S).
Now, consider S; = {vq, Uy, ..., Uy, U1}
We shall prove that S; is linearly independent by showing that no vector in S; is a

linear combination of the preceeding vectors. (refer theorem 6).
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Since {vy, vy, ..., ..., U} IS linearly indepgrnla'ent, v; where 1 < i < ris not a linear
combination of the preceeding vectors.

Also v,,, € L(S) and hence v, is not a linear combination of v,, v,, ... ... , Ur.
Hence S; is linearly independent.

If L(S;) =V, then S, is a basis for V. If not, we take an element v,.,, € V — L(S;)
and proceed as before. Since the dimension of V is finite, this process

must stop at a certain stage giving the required basis containing S.

Theorem 14:

Let IV be a finite dimensional vector space over a field F. Let A be a subspace of I/.
Then there exists a subspace B of IV suchthatV = A @ B.

Proof:

LetS = {vy, vy, ... ... , Uy} be a basis of A.

By theorem 13, we can find w,, w,, w; € V such that such that S’

We claimthat AN B = {0}andV = A + B.
Now, letv € An B. Thenv € Aand v € B.

Hence v = aqvy + -+ ..., v,
= ’81W1 + e+ ﬁSWS
. A1V + -+ a,v, — ,81W1 — T ﬂSWS =0

Now, since S" is linearly independent, a; = 0 = g; for all i and j.
Hence v = 0. Thus AN B = {0}. Now, letv e V.,

Thenv = (v + . +a,v,.) + (Bywy + -+ ... + Bsws) € A+ B.
Hence A+ B =V sothatV = A @ B.
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Exercises
1. LetV be a finite-dimensional vector space. Let A and B be subspaces of V
such that V = A @ B. Then show that dimV = dimA + dimB.
2. Construct 3 subspaces W,, W,, W5 of a vector space V such that V = W,; @
W, = W, @ W; but W, # Ws.
3. For each of the following subspaces A of V5 (R) find another subspace B
such that A @ B = V3(R)
[i] A= L((1,1,0),(0,1,1)}.
[ii] A =L((1,1,1)).
(i) A = L({ey, €5, €3}).
Definition:
Let IV be a vector apace and
S = {vy,v,, ........, v, } be a set of independent vectors in V. Then S is called a

maximal linearly independent set if for every v € V — S, the sa

(v, V1, Vg, n...., Uy) is linearly dependent.
Definition:
LetS = {vy,v,, .......,v,} be sen of vectors in V and let L(S) = V. Then S is

called r minimal generating set if for any v; € S,

LS —{v}) # V.

Theorem 15:

Let V be a vector space over a field P, Let S = {v,,v,, .....,v,} € V. Then the
following are equivalent.

(i) S is a basis for V.

(i1) S is a maximal linearly independent set.

(iii) S is a minimal generating set.
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Proof:

(i) = (ii) Let S = {vy, vy, ....., v, } be a basis for V. Then by theorem 5.20 any n +
1 vectors in V are linearly dependent and hence S is a maximal linearly
independent set.

(ii) = (i) Let S = {v4, vy, ..., ..., Uy} be @a maximal linearly independent set. Now to
prove that S is a basis for IV we shall show that L(S) = V.

Obviously L(S) € V.

Now, letv € V.

If v €S, thenv € L(S). (since S € L(S))

Ifv eSS ={vy,v,,....,v,, v}is alinearly dependent set (since S is a maximal
linearly independent set)

=~ There exists a vector in S" which is a lined combination of the preceeding
vectors.

Since vy, vy, ..., v, are linearly independent, this vector must be v. Thus, v is a
linear combination of v,, v,, ..., ..., vg. Therefore v € L(S).

Hence V € L(S). Thus V = L(S).

(i) = (iii) Let S = {vy,v,, ......., v, } be a basis. Then L(S) = V.

If S is not minimal, there exists v¢ € S such that L(S — {v;}) = V.

Since S is linearly independent, S — {v;} is also linearly independent. Thus S —
{v;} is a basis consisting of n — 1 elements which is a contradiction.

Hence S is a minimal generating set.

(iii) = (i) Let S = {v4, v, ..., v,,} be a minimal generating set. To prove that S is a
basis, we have to show that S is linearly independent.

If S is linearly dependent, there exists a vector v, which is a linear combination of

the preceeding vectors.
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Clearly L(S — {vy}) = V contradicting the ;ninimality of S.

Thus S is linearly independent and since

L(S) =V,S is abasis for V.

Theorem 16:

Any vector space of dimension n over a field F is isomorphic to V,(F).
Proof:

Let V be a vector space of dimension n. Let {v{, vy, ..., ..., v,,} be a basis for V.
Then we know that if v € V, v can be written uniquely as v = a;v; + a,v, +
. +a,v,, Where a; € F.

Now, consider the map f:V — V,(F) given by

flavg + -+ apv,) = (g, ay, ..., ay).

Clearly fis 1 — 1 and onto.

Letv,w € V.

Thenv = ayvy + -+ + a,v, and

w= v+ .t Bpp.

f(v + W) = f[(al + ,31)171 + -t (an + .Bn)vn]
= ((“1 + B, (az + B2), ., (an + .Bn))

Also f(av) = f(aavy + - + aa,vy)

= (aal, AAp, e o , aan)
= a(al, az, ...... ,an)
— C{f(v).

Hence f is an isomorphism of V to V,,(F).
Corollary. Any two vector spaces of the same dimension over a field F are

iIsomorphic, for, if the vector spaces are of dimension n, each is isomorphic to
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1, (F) and hence they are isomorphic.

Theorem 17:

Let IV and W be vector spaces over a field F. Let T:V — W be an isomorphism.
Then T maps a basis of V onto a basis of W.

Proof:

Let {vy, vy, ..., v,,} be a basis for V.

We shall prove that T (v,), T (v,), ... ... , T'(v,,) are linearly independent and that
they span /.

Now, a;T(v;) + a,T(v,) + -+ . +a,,T(v,) = 0.

= T(ayv,) + T(a,v,) + .. +T(a,v,) = 0.

= T(a,v, + ayv, + .. +a,v,) = 0.

= a0 +avy + -+ av, =0(sinceTis1—1)
Sa=a,=..=a,=0

(since vq, vy, ..., v, are linearly independent).

&~ T(vy), T(vy), ...., T(v,) are linearly independent.

Now, let w € W. Then since T is onto, there exists a vector v € v such that
T(v) =w

Letv = aqvy + -+ ... + vy,

w=T(v)
Then =T(avq+ ...+ a,v,)
=a;T(vy) + - .+ a,T(vy)

Thus w is a linear combination of the vectors

T(V1), cen een oo ,T(v,,).

& T(vy), e e , T (v,,) span W and hence is a has for W.

Corollary. Two finite dimensional vector spaces and W over a field F are

isomorphic iff they have un same dimension.
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Theorem 18:

Let V and W be finite dimensional vector spaces over a field F. Let

{vy, vy, . .. , U} be a basis for V and let wy, wy, ... ... ,wy, be any n vectors in W
(not necessarily distinct) Then there exists a unique linear transformation T: V —
W suchthat T(v;) = w;, i = 1,2, ... ... n.

Proof:

Letv = ayvy + ayvy + .. +a,v, EV.

We define T(v) = aywy + auw, + - + a,wy,.

Now, let x,y € V.

Letx = a;v; + -+ + a,v, and

y =P+ -+ B

s x+y=(a;+ v+ -+ (ap+ Bvn
~Tx+y)= ((11 + ,81)W1 + -+ (an + ﬁn)Wn
= (a;wy + -+ apwy) +

=T(x)+T(y).
Similarly, T(ax) = aT(x). Hence T is a linear transformation.
Also v; = 1v; + 0v, + -+ + Ov,,. Hence T(v;) = 1wy + 0w, + Ow,, = wy.
Similarly T(v;) = w; forall i = 1,2, ... ... N
Now, to prove the uniqueness, let T': V' — W be any other linear transformation
such that T'(v;) = w;.

Letv=aqvy + - +ayv, €V
T’(U) = alT’(vl) + et anT,(vn)
= awy + -+ a,w, = T(v).

Hence T =T'.
Remark:
The above theorem shows that a linear transformation is completely determined by

its values on the elements of a basis.
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Theorem 19:

Let V be a finite dimensional vector space over a field F. Let W be a subspace of
V. Then

(i) dimW < dimV.

(if) dim = = dimV’ — dimW’,

Proof:

(i) Let S = {wy, wy, ... ... , Wy, } be a basis for W. Since W is a subspace of V, S is a
part of a basis for V.

Hence dimW < dimV.

(ii) Let dimV = n and dimW = m.

Let S = {wy,w,, ..., w,, } be a basis for w. Clearly S is a linearly independent set of
vectorsin V.

Hence S is a part of a basis, in V. La {wy, ws, ... w,,;, V1, V5, ..., 1.} be a basij for .

Thenm +r = n.
Now, we claim S’ = {W + v, W + v,, ..., W + v,.} is a basis for %

ar(W +v) +a,(W +vy) +--+
arW+v.)=W+0
= W +av) + (W + ayv,) + -
+(W + a,v,) =W
>W+av; +av, +-+a, v, =W
=> o t+avy+ -+, €W

Now, since {wy, ws, ..., w,, } is a basis for W

av; + -+ v = Lywy + o+ LWy,
LAVt 0y — .81W1 — .Bme =0
cp = === ="=B,=0
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- S" is a linearly independent set.
Now, let W + v € —.
w
Letv = ayv+ ...+ ayv, + Bywy + -+ Bywy,. Then W + v =W +
(v + -+ a,v,

+,81W1 + -+ IBme)
=W + (¢,v, + -+ + a,.v,)

(since Bywy + -+ + Bpwy, € W)
=W+ a,v) + -+ W + a,v,)
=a,(W +v)+ -+ a(W+v,).

Hence S’ spans % so that S’ is a basis for %

- di V_ —
o 1mW—r—n m

= dimV — dimW.
Theorem 20:
Let IV be a finite-dimensional vector space over a field F. Let A and B be subspaces
of V. Then dim(4 + B) = dimA + dimB — dim(4 N B)
Proof:
A and B are subspaces of V. Hence A N B is subspace of V.
Letdim(ANnB) =r.
LetS = {v,,v,,...,v,.} be abasis for AnB
Since A N B is a subspace of A and B, S is a part of a basis for A and B.
Let {v,, vy, ..., V), Uqg, Uy, ... ug } bE @ basis for A and {v,, v, ..., v, Wy, Wy, ..., W} be
a basis for B.
We shall prove that S" = {vy, ... v, Uy, ... ..ug, Wy, ..., w;] is a basis for A + B.
Leta;v; + -+ v + frug + -+ Bsug + yywq + -+ Y0, =0
Then Biuy + - + Bsus = —(yywy + -+ yewe) — (v + -+ a,v;) €B
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Hence fyuy + -+ + Bsus € B.

Also fiuq + -+ ... + Bsug € A.

Hence pyu; + -+ Bsus € AN B.

S fiug + o+ foug = 6101 + -+ 6,1

S Prug et By — 61y — = 0,0 =
“Br= =B =8 = =58=0

(since {uy, ..., ug, vy, ..., v,-} is linearly independent)
Similarly we can provey; =y, =+ =y, = 0.
sa=pi=y=0for1<i<r,
1<j<s;1<k<t

Thus S’ is a linearly independent set.

Clearly S" spans A + B.

~ S'"is a basis for A + B.

Hence dim(A + B) =r + s + t.

Also dimA = r + s;aimB = r + t and

dim(ANB) =r.
& dimA +dimB —dimANB=(r+s)+(r+t)—r
=r+s+t
= dim(A + B).
Altier. By theorem 20, ar_ 5
A AnB
. (A+B\ _ . ( B
Hence dim (T) = dim (AnB).

~ dim(4 + B) — dimA4 = dimB — dim(4 N B).
~ dim(4 + B) = dimA + dimB — dim(4 N B).
Corollary, If V = A @ B,dimV = dimA + dimB.
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e maTa

Proof. V=A@®B=>A+B=VandAnB = {0}

« dim(ANB) =0.
Hence dimV* = dim4 + dimB.

Exercises

1. Find the dimension of the subspace spanned by the following vectors in
V3(R).
@ (1,1,1),(-1,—-1,-1).
(b) (1,0,2), (2,0,1),(1,0,1)
(¢) (1,2,-3),(0,0,1),(—1,2,1).
d) (1,1,2), (—1,1,0).

2. Find the dimension of the subspace spanned by the following vectors in
Va(R)
(@) (1,04, €5, €3, 4
(b) 1, €,
(C) e1, €5, €3
(d) es

3. InV5(R), find dim(A4 + B) and dim(4 n B) where
(@) A is the subspace spanned by (1,1,1) and B is the subspace spanned by

(-1,-1,-1
(b) A is the subspace spanned by (1,1,1) and B is the subspace spanned by
(1,2,2).

(c) A is the subspace spanned by (1,1,1) and (1,2,1) and B is the subspace
spanned by (0,0,1).
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(d) A is the subspace spanned by(ﬁl) and (1,2,1) and B is the subspace
spanned by (1,-1,1) and (—1,1,—1)

4. LetV; and V, be subspaces of V such that V; NV, is the zero space.
Prove that dimV; + dimV, < dimV.

5. Let V; and V, be subspaces of VV such that every vector v € V can be

represented as v = v, + v, where v; € V/; and v, € V/,. Prove that dimV/; +

dimV, > dimV.
6. If A and B are finite dimensional subspaces of IV such that A € B and
dimA = dimB then show that A = B.

7. Let S be a subspace of a finite-dimensional vector space V. If dimlV/ = dimS

then prove that S = V.

8. Let W; and W, be two subspaces of a finitedimensional vector space V.
If dimV = dimW; + dimW, and
W, N W, = {0} prove that, V = W; @ W,.

Answers.
1. (@)1 ()2 ()3 (d)2
2. (@) 4 ()2 ()3 @)1
3.(d1;1 (b)2;0 (¢)3;0 (d)3;0
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UNIT 111

Rank and Nullity of a transformation— Matrix of a linear transformation — Inner
product space: Definition and examples— Orthogonality — Orthogonal complement.
Chapter 3: Sections- 3.1t0 3.5

3.1. Rank and Nullity:

Definition:

Let T:V — W be a linear transformation. Then the dimension of T'(V) is called the
rank of T. The dimension of ker T is called the nullity of T.

Theorem 21:

Let T:V — W be a linear transformation. Then dimV = rankT + nullity T.
Proof:

We know that V /kerT = T(V).

s dimV — dim(kerT) = dim(T(V))
~ dimV — nullity T = rankT
s dimV = nullity T + rank T

Note. kerT is also called null space of T.
Example:

Let V denote the set of all polynomials of degree < n inR[x]. LetT:V —= V be

defined by T(f) = Z—Q We know that T is a linear transformation. Since % =0

f is constant, kerT consists of all constant polynomials. The dimension of this
subspace of V' is 1. Hence nullity T, is 1.

Since dimV =n+ 1,rank T = n.

Exercises

1. Find the rank and nullity of the linear transformations given in section 1.3.
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2. LetV be a finite-dimensional vec.t-gggpace overafield F. LetT:V - V bea
linear transformation such that rank T = nullity T. Show that dimV is even.
Give an example of such a transformation.
Answers.
1. nullity T = dimV; rankT = 0.
2. nullity T = 0; rankT = dimV :
3. nullity T = dimW;
rankT = dimV — dimW.
4. nullity T = 2;rankT = 1;
5. nullity T = 1; rankT = n.
6. nullity T = 0;rankT = n + 1.
Definition:

A linear transformation T:V — W is called non-singular if T is 1-1; otherwise T is

called singular.

Exercises

1.

Let IV and W be finite dimensional vector spaces over a field F and dimV >
dimW . Then show that any linear transformation T:V — W is singular.

Let V be a finite-dimensional vector space over a field F. Then any non-
singular linear transformation T: V — V is onto.

Let T:V — W be a linear transformation. Show that T is a non-singular iff
rankT = dimV.

LetT,;:V - Vand T,: V — V be linear transformations. Prove that

(@) rank(T,T;) < rankT,.

64

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.



(b) nullity (T,T;) = nullity T;. T
(c) rank(T,T;) = rankT, iff T, is nonsingular.
5. LetT:V — W be a linear transformation which is both 1-1 and onto. Show
that T~ : W — V is a linear transformation.
Determine which of the following statements are true and which are false.
@) IfT:V — W is a linear transformation then
(i) rankT < dimV
(i) nullity T < dimV.
(i) rankT < dimW'.
(iv) If T is onto rankT = dimW/'.
(v) If T is non-singular rankT = dimV
(vi) rankT = dimV = nullity T = 0.
(b) Every linear transformation T: V,(R) — V5(R) is singular.
(c) If T:V - W is non-singular and {v, ..., v, } is a basis then
{T(vy), ... ... ,T(v,)} is a basis for W.
Answers: 6. (@) () T T T(vV) T(V) T(i) T (b) T(c)F.

3.2. Matrix of a Linear Transformation:

Let IV and W be finite dimensional vector spaces over a field F. Let dimV = m
and dimW = n. Fix an ordered basis {v,, v,, ..., v,,,} for V and an ordered basis
{wy,w,, ...,w,} for .

Let T:V — W be a linear transformation. We have seen that T is completely

specified by the elements T (v,), T (v,), ..., T(v,,). Now, let
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T(vl) = ai1wq + a1, W»o + -

T(vz) - a21W1 + a22W2 + ...l (1)
T(Vy) = QpiWy + QpaWy + -+ ...
Hence T (v,), T(v,), ... ... , T(vy,) are completely specified by the mn elements a;;

of the field F. These a;; can be conveniently arranged in the form of m rows and n

columns as follows.

a11 a12 ...... aln
a1 A Aon
Am1  Am2 Amn

Such an array of mn elements of F arranged in m rows and n columns is known as
m X n matrix over the field F and is denoted by ( a;; ). Thus, to every linear
transformation T there is associated with it an m x n matrix over F. Conversely
any m X n matrix over F defines a linear transformation T: V — W given by the
formula (1).

Note:

The m X n matrix which we have associated with a linear transformation T:V —
W depends on the choice of the basis for V and /.

For example, consider the linear transformation T: V, (R) — V,(R) given by
T(a,b) = (a,a + b). Choose {e;, e, } as a basis both for the domain and the range.
ThenT(e;) = (1,1) = ey + e,

T(e,) = (0,1) = e,.

Hence the matrix representing T is ((1) 1)

Now, we choose {e;, e, } as a basis for the domain and {(1,1), (1, —1)} as a basis

for the range.
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Letw; = (1,1) and w, = (1, -1).
ThenT(ey) = (1,1) = wy,
and T'(e,) = (0,1) = (1/2)w; — (1/2)w,.

. : . (1 0
Hence the matrix representing T is (1/2 _1/2)
Solved problems
Problem 1:
Obtain the matrix representing the linear transformation T: V5(R) — V53(R) given

by T(a,b,c) = (3a,a — b,2a + b + ¢) wrat. the standard basis (c4, ¢, c3).

Solution:

T(el) = T(l,0,0) - (3,1,2) == 331 + e, + 283
T(ez) = T(O,l,O) - (0,_1,1) = —€ + €3
T(es) = T(0,0,1) = (0,0,1) = es

31 2
Thus, the matrix representing T is (0 -1 1)
0 0 1

Problem 2:
Find the linear transformation
T:V3(R) — V5(R) determined by the matrix

1 2 1
< 0 1 1) w.r.t. the standard basis {e;, e;, e3}.
-1 3 4

Solution:
T(el) = el + 262 + 83 = (1,2,1)
T(ez) == Oel + ez + 83 = (0,1,1)
T(e3) = —€q + 362 + 4‘83 = (_1,3,4‘)
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= ae, + be, + ces.

.~ T(a,b,c) =T(ae, + be, + ces)
= aT(e;) + bT (e,) + cT(e3)
= a(1,2,1) + b(0,1,1) + c(—1,3,4).

~T(a,b,c)=(a—c,2a+b+3c,a+ b+ 4c)
This is the required linear transformation.

Exercises
1. Obtain the matrices for the following linear transformations.
@) T:V,(R) - V,(R) given by T(a,b) = (—b,a) w.r.t.
(i) standard basis
(i) the basis {(1,2), (1,—1)} for both domain and range.
(b) T:V5(R) = V,(R) givenby T(a,b,c) = (a+ b,2c — a) wW.r.t.
(i) standard basis
(i) {(1,0,-1),(1,1,1), (1,0,0)} as a basis for I/3(R) and {(0,1), (1,0)} for
V5 (R).
(c) T:V5(R) = V5(R) given by
T(a,b,c) =Ba+c,—2a+ b,a+ 2b+ 4c) w.r.t,
(i) the standard basis
(i1) the basis {(1,0,1), (—1,2,1), (2,1,1)} for both domain and range.
(d) Let VV be the set of all polynomials of degree < n in R[x].

T:V - V defined by T(f) = Z—i w.r.t. the basis {1, x, x2, ..., x™}.

2. Obtain the linear transformation determined by the following matrices

cosf —sinf

@) T:V,(R) = V,(R) given by (sine c0s 0

) w.r.t. the standard basis.
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a b c
(b) T: V3(R) = V5(R) given by (b c a) w.r.t. the standard basis.
c a b

(c) T:V,(R) - V5(R) given by (i 1 :1) w.r.t. the standard basis.
Answers:
1 1 -3 1
[0 11 .. (—1/3 =5/3 . )
@0y o @(%5 15) (b)(u)(; 2) (..)< B f>
17/4 —3/4 —1/2 3 2 -1
(ii)<35/4 15/4 —7/2>(c)(i)(o 1 2)
17/2 =3/2 0 1 0 4
0 0 O 0 O
/1 0 0 0 0\
lo 2 0 0 0|
@d@fo o 3 0 0|

k. ]

000 ...n b/

2.(@) T(a,b) = (acos @ + bsin 8, —asin 8 + . bcos 0)

(b) T(x,y,x) = (ax + by + cz,bx + cy + az,cx + ay + bz)

(c) T(a,b) = (2a+b,a+ b,—a —b).

Definition:

Let A = (a;;) and B = (b;;) be two m X n matrices. We define the sum of these
two matrices by 4 + b = (a;; + b;j).

Note that we have defined addition only for two matrices having the same number
of rows and the same number of columns.

Definition:

Let A = (a;;) be an arbitrary matrix over | field F. Let a € F. We define ad =

(aay).
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Theorem 1:

The set M,,,«,(F) of all m X n matrices wer the field F is a vector space of
dimension mn ver F under matrix addition and scalar multiplication efined above.
Proof:

Let A = (a;;) and B = (b;;) be two m X n matrices over the field F. The addition
of m x n matrices is a binary operation which is both commutative and
associative. The m x n matrix whose entries are 0 is the identity matrix and ( —a;;
) is the inverse matrix of (a;; ). Thus, the set of all m X n matrices over the field F
Is an abelian group with respect to addition. The verification of the following
axioms is straight forward.

(@ a(A+B)=aA+aB

(b)) (e +B)A=aA+ pA

() (aB)A = a(BA)

(d) 14 = A.

Hence the set of all m X n over F is a vector space over F.

Now, we shall prove that the dimension of this vector space is mn. Let E;; be the

matrix with entry 1 in the (i,/)™ place and 0 in the other places. We have mn
matrices of this form. Also, any matrix A = (aij) can be writtenas A = ¥ a;;E;;.
Hence A is a linear combiation of the matrices E;;. Further these mn matrices E;;

are linearly independent. Hence these mn matrices form a basis for the space of all
m X n matrices. Therefore, the dimension of the vector space is mn.

Theorem 2:

Let V and W be two finite dimensional vector spaces over a field F. Let dimV =
m and dimW = n. Then L(V, W) is a vector space of dimension mn over F.

Proof:
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i e T

By theorem 8 sec 1.3, L(V, W) is a vecti-jwr“;bace over F. Now, we shall prove that
the vector space L(V, W) is isomorphic to the vector space M,,,«,(F). Since

M« (F) is of dimension mn, it follows that L(V, W) is also of dimension mn.
Fix a basis {v,, vy, ..., v, } for V and a basis {w,, w,, ... ... ,wy} for W.

We know that any linear transformation

T € L(V,W) can be represented by an m X n matrix over F.

, et T be represented by M (T). This function

M:L(V,W) = My« (F) is clearly 1-1 and onto.

Let Ty, T, € L(V,W) and M(Ty) = (a;;) and M(T,) = (b;;).

n

M(Ty) = (a;;) = Ty(v;) = Z aijw;

j=1

M(Ty) = (b;;) = To(vy) = Z bijw;
j=1

a (T +T)(wy) = Z (aij + bij)w

j=1
& M(Ty +Ty) = (a;; + byj)

= (i) + (byy)

= M(Ty) + M(T,)
Similarly, M(aT;) = aM(T,).
Hence M is the required isomorphism from L(V, W) to M,,,«,(F).
Exercises:
Determine which of the following statements are true and which are false.
1. Any vector space is an abelian group with respect to vector addition.
2. Any vector space contains an infinite number of elements.

3. Given any field F, there exists a vector space of dimension n over F.
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R,

4, Any two vector spaces over a field F are isomorphic iff they have the same
dimension,

5. Any two bases of a finite dimensional vector space have the same number of
elements.

6. Any vector spaces of dimension n > 1 has non-trivial subspaces.

7. If V is a vector space of dimension n and m < n, then there exists a
subspace of IV of dimension m.

8. Any linear transformation from a finite dimensional vector space V to a

finite dimensional vector space W can be represented by a matrix.

ANswers.
1.T 2.F 3T 4717 57T 6T 7.T 8T

3.3. Inner Product Spaces:

Introduction:

Up to this point we have dealt with the algebraic properties of a vector space and
these properties are consequences of the basic operations, namely, vecto addition
and scalar multiplication defined in the vector space. We know that in the usual
three-dimensional vector space V5 (R) it is possible to talk about the length of a
vector and angle between two vectors. These concepts of length and angle can be
defined in terms of the usual "dot product" or "scalar product" of two vectors. The
dot product of u = (a4, b4, ¢;) and

v = (a,, b,, c,) is defined by

u-v = alaz + b1b2 + C1C2
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We note that the length of u is given byM\/u - u and the angle 6 between u and v is

u-v

wuvv

determined by cos 6 = Hence u and v are perpendicular or orthogonal iff

u.v=0.

An inner product on a vector space is a generalization of the dot product and in
terms of such an inner product we can define the length of a vector and angle
between two vectors. Our study about angle will be restricted to the concept of
perpendicularity of two vectors.

Throughout this section we shall deal only with vector spaces over the field F of

real or complex numbers.

Definition and Examples:

Definition:

Let IV be a vector space over F. An inner product on V is a function which assings
to each ordered pair of vectors u, v in VV a scalar in F denoted by (u, v) satisfying
the following conditions.

D) (u+v,w) = (u,w) + (v,w)

(i) {(au, v) = a(u,v)

(iii) (u, v) = (v, u), where (v, u) is the complex conjugate of (u, v).

(iv) (w,u) = 0 and (u,u) = 0 iffu = 0.

A vector space with an inner product defined on it is called an inner product space.
An inner product space is called a Euclidean space or unitary space according as F
Is the field of real numbers or complex numbers.

Note 1: If F is the field of real numbers then condition (iii) takes the form (u, v) =
(v, u). Further (iii) asserts that (u, u) is always real and hence (iv) is meaningful

whether F is the field of real or complex numbers.

73

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.



Note 2:
(u, av) = a(u, v).

(u, av) = (av,u)

For, = av,u)
= a(v,u)
= a(u, v).
Note 3:

(u,v+w) =(u,v)+ (uw)

(u,v+w)= m
= (v,u) + (w,u)
= (v,u) + (w,u)
= (u,v) + (u,w).

For,

Note 4:

(u,0) =(0,v) =0.

For, (u, 0) = (u,00) = 0(u, 0) = 0.
Similarly (0, v) = 0.

Exercises

Show that in an inner product space

(i) (au + Bv,w) = a(u, w) + B(v,w)

(i) (u, av + pw) = a(u, v) + B{u, w)

(iii) (au + Bv,yw + 62) = ay(u, w) + ad(u,z) + fy{v,w) + BS(v, z) where
a,B,y,6 € Fandu,v,w,z€V

Examples

1. 7,(R) is a real inner product space with inner product defined by
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T

(x,y)=x1y; + xz‘}; +ot XnYn Where
x = (x1,%, ..., x,) and
Y= 01Y2 s ¥n)

This is called the standard inner product on 1, (R).
Proof:
Letx,y,z € V,,(R) and a € R.
(D) (x+y,2) = (x1 + y1)z1 + (62 + ¥2)2;
+ e+ (xn + Yn)zn
=(x121 + x325 + -+ X,2,,)
+(121 + Y225 + o+ Ynzy)
=(x,2) +(¥,2)

(il) (ax,y) = ax;y; + ax;y, + -+ axy,y,

= a(x,y1 + %272 + -+ X))
= a(x,y)

(i) (x, ¥) = x1y1 + %Y + - Xy .
=Y1X1 T Y2Xp + o YnXp
= (¥, x)
(iv) (x,x) =xZ + x5+ -+ x2=>0and (x,x) =0iffx; =x, = =x, =0
S {,x)y=0iffx =20
2. V,(C) is a complex inner product space with inner product defined by
(x,y) = x,91 + X9, + -+ + x,y,, where x = (x4, %5, ..., x,) and y =
V1 Y2s s ).
Proof. Let x,y,z € V,,(C) and a € C.
() (x+y,2) = (x; +y1)z; + (x3 + ¥2)7;
+ o+ (O, + )71
=(x121 + X223 + -+ + X 2y)
+(171 + ¥22; + - + YnZp)
=(x,2) + (¥, 2)
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(i) (ax,y) = ax;y; + ax,y, + -+ ax,y,
= a(x1y; + x5, + -+ X ¥)
= a(x,y)

(i) (v, x) = y1x1 + y20 + -+ ypxp

=Y1X1 FYoxp + 0+ YpXp

= X1Y1 Tt XY + o+ XpVn

=(x,y)
(V) (x,x) = x1X1 + =+ + X Xp,

=[x ]% + [x]% + 4 x| = 0

and (x,x) = 0 iff x = 0.
3. Let V be the set of all continuous real valued functions defined on the closed

interval [0,1]. V is a real inner product space with inner product defined by

1
(. g) = j F(Og(Odt
0
Proof. Let f,g,h € Vand ¢ € R.
(i) (f + g, by = [, [f(®) + g(Dh(t)dt

1 1
= J F(OI(t)dt + ] g(t)h(t)dt
0 0
= (f,h) + (g, h)
(i) (af, g) = [, af(®g(t)dt

1
—a j F(Og(D)dt
0
= a{f, g)
(i) (f,9) = [ f(®)g(t)dt
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1
= | swra
=9, 1)
(V) (f,f) = J, [f(©)]2dt = 0and (f,f) = 0iff f =0
1.Show that V;, (R) is an inner product space with inner product defined by
(X,y) = 1Y1 + X201 — X1Y2 + 4%
where x = (x4, x,) and y = (y4, y2).
2. Show that V, (C) is an inner product space with inner product defined by
(x,¥) = 2x1y1 + 1Y, + Y2 )1 + X2)2
where x = (xq,x,) and y = (y4, v,).
3. Let V be the set of all continuous complex valued functions defined on the

closed interval [0,1]. Show that VV is a complex inner product space with inner

product detined by (f, g) = fol f(t)g(t)dt.

4. Which of the following are inner products on V, (R) where x = (x4, x,) and y =

V1, ¥2).

(@) (x,¥) = x1y1 + 2x1y; + 2x2y1 + 5x2Y>.
(b) (x,y) = x7 — 2x1y, — 22,7 + V7.

(€) (x,¥) = 6x1y1 + 7x2y;.

(d) (x,¥) = X191 — 2x201 — 2x1Y; + 4%2Y5.
Answers. 4. (b) and (d) are not inner products.
Definition:

Let V be an inner product space and let x € V. The norm or length of x, denoted by

||x||, is defined by ||x]|| = +/(x, x).

x is called a unit vector if ||x|| = 1.
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Solved Problems

Problem 1:

Let IV be the vector space of polynomials with inner product given by (f, g) =

[ f(©g(®)dt. Let f(£) =t + 2 and g(¢) = t? — 2t — 3.

Find (i) (f,g) () [IfIl.

Solution:

1
mmm=ﬁf@mmu

1
= f (t + 2)(t? — 2t — 3)dt
0

1
=f (t3 -7t —6)dt
0

1

_5_7_t2_6t]
4 2 0
1 7
S
37
=T
(i) IIFI2 = (f, )

1
=L [F (Ot
1
=j (t + 2)2dt
0

1
=j (t% + 4t + 4)dt
0

1

t3
= [? + 2t% + 4t]
0

—1+2+4
3
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Exercises
1. Find the norm of the following vectors in V5 (R) with standard inner product.
(a) (1,1,1)
(b) (1,2,3)
(c) (3,—4,0)
(d) 4x + 5y where x = (1,—1,0) and y = (1,2,3).

2. Find the set of all unit vectors in V5 (R) with standard norm.

Answers.

1. (@+vV3 (b)vVi4 (c)5 (d)3vV38

2. All points on the unit sphere with center (0,0,0).
Theorem 3:

The norm defined in an inner product. space V has the following properties.
() |lx|| = 0 and ||x|| = 0 iff x = 0.

(1) llax|| = le]llx]l-

(@) [, ) < x|y ]l (Schwartz's inequality).

(V) |lx + vl < x|l + Iyl (Triangle inequality).
Proof:

(i) ||x]| = /(x,x) = 0 and ||x|| = 0 iff x = 0.

(i) [|ax||? = (ax, ax)
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= a(x, ax)
= aa(x, x)
= |a|?|x|?

Hence ||ax|| = |a|||x]|.

(iii) The inequality is trivially true when x = 0 or y = 0. Hence let x = 0 and y #

0.

R ¢ 2.0
Consider z =y e X
Then 0 < (z,2)

—(y -2y, O )
I 2

_ _x) X
=y e (v, x) e (X, ¢
(¥, x)(y, x) (6, %)
[l /
_ 2 = 2000 aey) (000
112 Ixll? T

l1x11?

ez oy xy)
= Iyl 2

20 < IxIIVIE—1 (W)
~ ) < lixllyll.
(iv) lx + ylI> = (x + y,x + y)
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=(x,x) +(x,¥) + (¥, x) + (¥, y)

= |lxll* + (x, ) + (x, y) + ||y II?

= |lx|I* + 2Re(x, y) + ||y |I?

< lxll* + 2¢x, y)| + [y ll?

< |lxl1* + 2[lx|llIyll + llylI? (by (iii) )
< (llxll + llylDH?

eyl < ]+ iyl

Exercises
1.Applying Schwartz's inequality to 17, (C) wid standard inner product, show that
X1 il < (B P12 QL D2
2. Show that in any inner product space V
llx + ylI? + llx = y1I* = 2(Ix[1* + [IyII?
3.Show that in any inner product space

llax + BylI? = lal?||x||” + aB(x,y)
+ap(y, x) + 1B1*IlyII*

4.Show that if equality is valid in Schwartz's inequality or triangle inequality then
x and y are linearly dependent. Is the converse true?
5.(a) Show that in a real inner product space, if (x, y) = 0, then
llx + y112 = lIxl1* + lIyll>.
(b) Show that in a real inner product space, if
lxll? + NIyl = llx + ylI%,
then (x,y) = 0.
6. In an inner product space, we define the distance between any two vectors x and
y by d(x,y) = ||x — y||. Show that
(@ d(x,y)=0andd(x,y) =0iffx = y.
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(b) d(x,y) = d(y,x).
©d(x,y) <d(x,z)+d(zy).

3.4. Orthogonality:
Definition:
Let IV be an-inner product space and let y € V. x is said to be orthogonal to y if

(x,y) = 0.
Note 1. x is orthogonalto y = (x,y) = 0

= (x,y)=0
= (y,x)=0

= y is orthogonal to x.

Thus x and y are orthogonal iff (x,y) = 0.

Note 2. x is orthogonal to y = ax is orthogonal to y.

Note 3. x; and x, are orthogonal to y = x; + x, is thogonal to y.

Note 4. 0 is orthogonal to every vector in Y and is the only vector with this
property.

Definition:

Let IV be an inner product space. A set S of vectors in V is said to be an orthogonal
set if any two distinct vectors in S are orthogonal.

Definition:

S is said to be an orthonormal set if S is orthogonal and ||x|| = 1 forall x € S.
Example:

The standard basis {e;, e,, ..., ,} in R™ or C" is an orthogonal set with respect to

the standard inner product.
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Theorem 4:

LetS = {v,, vy, ..., v, } be an orthogonal set of non-zero vectors in an inner product

space V. Then S is linearly independent.

Proof:

Let aqvy + v, + -+ a,v, =0

Then (a;v; + ayv, + -+ a, v, v1) = (0,v1) = 0.
v (Vg V1) + ax(vy, vq) + -+ @y {vp, vp) = 0.

. aq{v1, 1) = 0 (since S is orthogonal)

s~ a;=0(sincev, #0)

Similarly ay, = a3 =+ = a, = 0.

Hence S is linearly independent.

Theorem 5:

Let S = {v,,v,, ..., v, } be an orthogonal set of non-zero vectors in V. Letv € V

(v,vg)
lvell?

and v = a vy + ayvy, + -+ a,v,. Then a =

Proof:

(v,v) = (av1 + AUy + -+ A, vy, V)
= a1(vy, V) + az{vy, vg) + -
+a (v, vg) + -+ A vy, Uk)

= a; (v, Vi) (since S is orthogonal)

= ag|lvgll?

a _ {v,vg)
AT

Theorem 6:
Every finite dimensional inner product space has an orthonormal basis.

Proof:
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Let VV be a finite dimensional inner product "space. Let {vy, vy, ... v,,} be a basis for
V. From

this basis we shall construct an orthonormal basis {w;, w,, ..., w,, } by means of a
construction known as Gram-Schmidt orthogonalisation process.

First, we take w; = v,.
Let Wy = Vy —

We claim that w, # 0. For, if w, = 0 then v, is a scalar multiple of w; and hence

of v; which is a contradiction since v, v, are linearly independent.

Also, (w,, w,) = <v (|1|)2M|/|12) Wy, w1>

. (V2JU1>U o) G wy = vy)
2 oz Vv | (MW =1
lvall2
(v, V1)
= (v, 1) — —2<U1: V1)
llv4]]

= vy, v1) — (v, 11)
=0

Now, suppose that we have constructed non-zero orthogonal vectors wy, ws, ..., wy.

Then put

k
vk+1»W]
Wik+1 = Vk+1 — wj

= wl’
We claim that wy ., # 0. For, if wi,; = 0, then v, 4 Is a linear combination of
wq, Wy, ..., Wy, and hence is a linear combination of v,, v,, ..., v, Which is a
contradiction since vq, v,, ..., V44 are linearly independent.
Also
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k

Vi, Wi
(Wis1, Wi) = (Vgp1, Wy) — Z M(Wj' Wi)
= wll

(vk+1r Wi)
= (V41 Wi) — W(WD w;)
l

= (V41 Wi) — Vi1, Wi)

=0
Thus, continuing in this way we ultimately obtain a non-zero orthogonal set
{Wl, Wy, ..., Wn}.

By Theorem 3 this set is linearly independent ar. hence a basis.

To obtain an orthonormal basis we replace each by ﬁ
i

Solved problems

Problem 1:

Apply Gram-Schmidt process to construed an orthonormal basis for V5(R) with the
standard inne product for the basis {v,, v,, v3} where v, = (1,0,1)v, = (1,3,1)
and v3 = (3,2,1).

Solution:

Take w; = vy = (1,0,1).

Then [[wyl|? = (wy,wy) =124+ 02+ 12 =2. and {(wp,v,)=1+0+1=2

W = 1 _(vz»W1)W
R T
=(1,31)-(10,1)
= (0,3,0)
“ lwall? = o.

Also, (wy,v3) =0+6+0=6and
(Wl,v3)=3+0+1=4‘
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(U3, W1> (173, W2”>.-.

Mooz YL~ oz W2
[ |2 [[wl[?

4 6
= (3,2;1) - E (1’0'1) - 6 (0'3’0)

W3 = U3 —

Now
=(3,2,1) — 2(1,0,1) — g (0,3,0)
= (1,0,—-1)
»wsll? = 2.
=~ The orthogonal basis is

{(1,0,1), (0,3,0), (1,0, —1)}

Hence the orthonormal basis is

(010)(

(G 05) 010 (703}

Problem 2:
Let IV be the set of all polynomials of degree < 2 together with the zero
polynomial. V is areal inner product space with inner product defined b) (f, g) =

f_ll f(x)g(x)dx. Starting with the basis [1, x, x2 ], obtain an orthonormal basis
for V.

Solution:
Letv; = 1;v, = x and v3 = x2.
Let Wi = 171.

1
Then ”Wlllz = (Wl, Wl) = f—l ldx = 2.

Hence |lw]| = V2.
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1 2
s lwall? = (wy,wy) = f_l x2dx = 3

_ _ (v3'W1) _ (173,W2)
NOW, w3 = V3 =3 "5 Wi = 1z We
1 1 3x\ (1
= x? ——f x2dx — (—)J x3dx
2], 2/,
1
—_ a2
XT3
1 1\2 8
2 — , = 2__) dx =—
Iwall? = wwe) = [ (2 =3) ax =2

1

Hence the orthogonal basis is {1, x,x% — 5}.

= The required orthonormal basis is

1 V3 V10
{E’?x’Tsz — 1)}.

Problem 3:

Find a vector of unit length which is orthogonal to (1,3,4) in V5 (R) with standard

inner roduct.

Solution:

Let x = (x4, x5, x3) be any vector orthogonal to (1,3,4).

Then x; + 3x, + 4x3 = 0. Any solution f this equation gives a vector orthogonal

to (1,3,4). or example x = (1,1, —1) is orthogonal to (1,3,4).
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Also ||x|| = v/3. Hence a unit vector orthoébnal to (1,2,3) is given by
7%

Note: The set of all vectors orthogonal to (1,3,4) are the points lying on the plane
x + 3y + 4z = 0, which is a two-dimensional subspace of V5 (R).

Problem 4:

Find an orthogonal basis containing the vector (1,3,4) for V5(R) with the standard
inner product.

Solution:

(1,1,—1) is a vector orthogonal to (1,3,4) (refer problem 3 above).

Now, let y = (y;, ¥,, ¥3) be a vector orthogonal to both ( 1,3,4 ) and
(1,1,-1).Theny; +3y, +4y; =0,y; + y, —y3 = 0.

Any solution of this system of equations gives a vector orthogonal to (1,3,4) and
(1,1,-1).

For example, (7, —5,2) is one such vector. (by cross multiplication method).
Hence {(1,3,4), (1,1, 1), (7,—5,2)} is an orthogonal basis containing

(1,3,4).

Exercises

1.Applying Gram-Schmidt process find the orthonormal basis of V5 (R) with the
standard inner product starting with the following bases.

@) (1,-1,0), (2,-1,-2),(1,-1,-2)

(b) (2,-1,0), (4,—1,0),(4,0,—1)

(c) (1,0,1),(1,0,-1),(0,3,4)
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2.Let V bet the set of all polynomials of degree < 2 over R with inner product
defined by (f, g) = fol f(x)g(x)dx. Starting with the basis {1, x, x>} obtain an

orthonormal basis for V.

3.0btain an orthogonal basis for V5 (R) with standard inner product containing the
vectors.

(a) (1,1,—1) and (1,0,1) (b) (7,—1,1).

ANswers.

{(V2/2,—V2/2,0),
1. (V2/6,¥2/6,—-22/3),
(—2/3,-2/3,-1/3)}

(b) {(2V5/5,—V5/5,0),(/5/5,2v5/5,0), (0,0, —1)}

(1/72,0,1/V2),
(1/32,0,-1/72),(0,1,0)}

3. {1,(2x — D)V3,(5x% — 6x + 1V5}.

(©)

3.5. Orthogonal Complement

Definition:

Let IV be an inner product space. Let S be a subset of V. The orthogonal
complement of S, denoted by S+, is the set of all vectors in VV which are orthogonall
to every vector of S.

(i.e) St = {x/x € V and (x,u) = 0 for all u € S}.

Examples
1.V+ = {0} and {0}1 = V since 0 is the only vector which is orthogonal to every

vector.
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2.LetS ={(x,0,0)/x € R} € V/5(R) Wlﬁl?[andard inner product. Then
5+ ={(0,y,2)/y,z € R}.

(i.e) The orthogonal complement of the x-axis is the yz plane.

Theorem 7:

If S is any subset of V then S+ is a subspace of V.

Proof:

Clearly 0 € S* and hence St # &.

Now, letx,y € Stand a, B € F.

Then (x,u) = (y,u) =0 forallu € S.

~{ax + By, u) = a(x,u) + f({y,u) =0 forall u € S.

~ ax + By € S*. Hence S+ is a subspace of V.

Theorem 8:

Let IV be a finite dimensional into, product space. Let W be a subspace of V. Thenv

is the direct sum of W and W+ (i.e) V = WgW;

Proof:

We shall prove that

(i) W nw+ = {0}, and

(i) w+wt=v.

(LetveWnNnWL. ThenveWandveWw L

Now, v € W+ = v is orthogonal to evers) vector in W.

In particular, v is orthogonal to itself.

~ (v,v) = 0 and hence v = 0.

Hence W n W+ = {0}.

(ii) Let {vy, vy, ... ... , U,-} be an orthonormal basis for W. Letn € V.
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Consider
Vo =V — (v, 1)V — (V, V2)V5 ..., —(V, Vp|y,
s (o, v) = (v, V) — (v, Vv, ;)
(since (v;,v;) = 0ifi #j)
= (v, 1) — (v, ;)
(since (v;, ;) =1)=0
~ v, iIs orthogonal to each of v,, v,, ..., and hence is orthogonal to every vector in
W Hence v, € W+ and

v =[(v,v)v, + (v, V)V, + -+ ...

+v, v v, ] + vy EW +WH

V=W ew
Hence the theorem.
Corollary. dimV = dimW + dimW+.
Proof. dimV = dim(W @ W+) = dimW + dimW+*
Theorem 9:
Let IV be a finite dimensional inner product space. Let W be a subspace of V. Ther
whHht=w.
prof. Let w € W. Then forany u € W+, (w,u) = 0 Hence w € (W+)1). Thus
wec wht
Now by Theorem 8,V = W @ W+,
AlsoV=wt @ W)t
Hence dimW = dim(W+4)+
From (1) and (2) we get W = (W)L,
Solved Problems

Problem 1: Let VV be an inner product space and let S; and S, be subsets of I/.
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ThenS; € S, = Sy S Si.

Solution:

Letu € Sy

Then (u,v) =0forallv € S,.

ButS; € S,. Hence (u,v) =0 forall v € S;.
Hence u € Si-. Thus Sy € Si.

Problem 2:

Let W, and W, be subspaces of a finite dimensional inner product space. Then
(i) Wy + Wy)* = Wi n W

(i) (W, n W)t = wit + Wit

Solution:

(i) We know that W; € W; + W,.

-~ (Wy + W,)*+ € Wit (by the problem 1).
Similarly, (W, + W,)*+ € w;t

Hence (W, + W)t cwinwit. ... (1)
Now, let w € Wit n Wi,

Thenw € Wit and w € W3t

&~ (w,u) =0forall u € W; and W,.

Now, let v € W; + W,.

Then v = v; + v, where v; € W, and v, € W,.

~Aw,v) = (w, vy + 1)
= (w,v1) + (W, 1)
= 0 + 0( since v; € W, and v, € W)
=0

Hence w € (W, + W,)".

S WEAWSle W +wy)t L 2)
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From (1) and (2) we get
(Wl + Wz)l - Wll N Wzl.

(i) Proof is similar to that of (i).

Exercises

1.Let VV be an inner product space. Let S be any subspace of V. Then show that
St =L

2.Find a basis for the orthogonal complement of the subspace spanned by
(2,1,—2) in V3(R).
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UNIT IV

Matrices — Elementary transformation — Rank of a matrix — Simultaneous linear
equations—Characteristic equation and Cayley-Hamilton Theorem.

Chapter 4: Sections -4.1to 4.4

4.1. Elementary Transformations:
Definition:
Let A be an m x n matrix over a field F. An elementary row-operation on A is of
any one of the following three types.

1. The interchange of any two rows.

2. Multiplication of a row by a non-zero element c in E

3. Addition of any multiple of one row with any other row.
Similarly, we define an elementary column operation on A as any one of the
following three types.

1. The interchange of any two columns.

2. Multiplication of a column by a non-zero element c in F.

3. Addition of any multiple of one column with any other column.

Example:

1 2 3 -1
Let 4 = (2 1),,41 = (2 1>,
3 -1 1 2
2 2 1 2
A, = (4 1) Az = (5 7) . A4 Is obtained from A by interchanging the first
6 —1 3 -1
and third rows.
A, is obtained from A by multiplying the first column of A by 2 .
A is obtained from A by adding to the second row the multiple by 3 of the first

row.
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Notation.
We shall employ the following notations for elementary transformations.

(i) Interchange of ™ and j™ rows will be denoted by R; o R;.

(ii) Multiplication of i™ row by a non-zero element ¢ € F will be denoted by

R; = CR;.
(iii) Addition of k times the j™ row to the i row will be denoted by

R; —» R; + kR;.
The corresponding column operations will be denoted by writing C in the place of
R.
Definition:
An m X n matrix B is said to be row equivalent (column equivalent) toan m X n
matrix A if B can be obtained from A by a finite succession of elementary row
operations (column operations).
A and B are said to be equivalent if B can be obtained from A by a finite
succession of elementary row or column operations.
If A and B are equivalent. We write A ~ B.
Exercise:
Prove that row equivalence, column equivalence and equivalence are equivalence
relations in the set of all m x n matrices.
Definition:
A matrix obtained from the identity matrix by applying a single elementary row or

column operation is called an elementary matrix.
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0 1 0],/4 0 O
Forexample, [1 0 0] (O 1 O)

0 0 11\0 0 1
1 0 0 1 0 O
[O 1 0] are elementary matrices obtained from the identity matrix (0 1 0)
0 2 1 0 0 1

by applying the elementary operations R; < R,,

Ry = 4R, R; —» R3 + 2R, respectively.
Exercise. Give examples of elementary matrices of order 4.
Theorem 1:
Any elementary matrix is nonsingular
Proof:
The determinant of the identity matrix of order is 1. Hence the determinant of an
elementary matrix obtained by interchanging any two rows is the determinant of an
elementary matrix obtained multiplying any row by k # 0 is k. The determinant an
elementary matrix obtained by adding a multiple one row with another row is 1.
Hence any element matrix is non-singular.
Theorem 2:
Let A be an m X n matrix and B an n X p matrix. Then every elementary row
(colum) operation of the product AB can be obtained by su jecting the matrix A
(matrix B ) to the same element row (column) operation.
Proof:

Let R, R,, ..., R,, denote the rows the matrix A and Cy, C5, ... ... , Cp, denote columns

of B. By the definition of matrix multip cation
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v e D )
It is obvious from the above representation of AB th if we apply any elementary
row operation on A ti matrix AB is also subjected to the same elementad row
operation. Also, if we apply any elementary co umn operation on B the matrix AB
Is also subjects to the same elementary column operation.
Theorem 3:
Each elementary row operation on as m X n matrix A is equivalent to pre-
multiplying the matrix A by the corresponding elementary m X matrix.
Proof:
Since A IS an mXxn matrix we can write
A = 1A where [ is the identity matrix of ord m. By theorem 2 an elementary row
operation | is equivalent to the same row operation on I. But elementary row
operation on I gives an elementat matrix. Hence by pre-multiplying A by the cont
sponding elementary matrix we get the required of operation on A.
Note:
Similarly, each elementary column operation of an m X n matrix A is equivalent to
post-multiplying the matrix A by the corresponding elementary n X n matrix.
Corollary 1:
If two m X n matrices A and B are row equivalent then A = PB where P is a non-
singular m X m matrix.

Proof:
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Since A is row equivalent to B, A can be otﬁained from B by applying successive
elementary row operations. Hence A = EE, ... E,B where each E; is an
elementary matrix. Since each E; is nonsingular, A = PB where P = EJE, ...E,
and P is non-singular.

Corollary 2:

If two matrices A and B are column equivalent then A = BQ where Q is a non-
singular matrix.

Corollary 3:

If two m X n matrices A and B are equivalent then A = PBQ where P is a non-
singular m x m matrix and Q is a non- singular n X n matrix.

Corollary 4: The inverse of an elementary matrix is again an elementary matrix.
Proof:

Let E be an elementary matrix obtained from I by applying some elementary
operations. If we apply the reverse operation on E, then E is carried back to 1. Let
E™ be the elementary matrix corresponding to the reverse operation.

Then E*E = EE* = 1. Hence E* = E~ 1.

Hence E~1 is also an elementary matrix.

Canonical form of a matrix.

We now use elementary row and column operations to reduce any matrix to a
simple form, called the canonical form of a matrix.

Theorem 4:

By successive applications of elementary row and column operations, any non-zero
m X n matrix A can be reduced to a diagonal matrix D in which the diagonal entries

are either 0 or 1 and all the I's proceeding all the zeros on the diagonal. In other
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words, any non-zero m X n matrix is equivalent to a matrix of the form [0 0

where I, is the r X r identity matrix and O is the zero matrix.

Proof:

We shall prove the theorem by induction on the number of rows of A. Suppose A
has just one row. Let A = (a;1a43 .. ... Ain)-

Since A # 0, by interchanging columns, if necessary, we can bring a non-zero
entry c to the position a;.

Multiplyingg A4 by ¢1 we get 1 as the first entry.
Other entries in A can be made zero by adding suitable multiples of 1.

Thus, the result is true when m = 1.

Now, suppose that the result is true for any non-zero matrix with m — 1 rows.

Let A be a non-zero m X n matrix. By permuting rows and columns, we can bring
some non-zero entry c to the position a,;.

Multiplying the first row by ¢~ we get 1 as the first entry.

All other entries in the first column can be made zero by adding suitable multiples
of the first row to each other row.

Similarly, all the other entries in the first row can be made zero.

This reduces A to a matrix of the form

B = 101 g] where C is an (m — 1) X (n — 1) matrix.

Now by induction hypothesis C can be reduced to the desired form by elementary
row and column operations.

Hence A is equivalent to a matrix of the required form.

Corollary 1: If A is an m x n matrix there exist nonsingular square matrices P and

Q of orders m and n respectively such that PAQ = (IOr g)
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The result follows from corollary 3 of th'e“cn);em 7.25.
Corollary 2:
Any non-singular square matrix A of order n is equivalent to the identity matrix.

Proof:

L

By corollary 1, PAQ = (0

O\ . . I, O\,
0).S|nce P, A, Q are all non-singular (0 0) IS non-

singular. This is possible iff (IOr g) = I,.

Corollary 3:

Any non-singular matrix A can be expressed as a product of elementary matrices.
Proof:

By corollary 2, PAQ = I,,. Hence

A=P 101, P71 and Q1 are products of elementary matrices. Hence A is a
product of elementary matrices.

Note:

The inverse of a non-singular matrix A can be computed by using elementary
transformations. Let A be a non-singular matrix of order n.

Then AA™1 = A=14 = I. Now, the non-singular matrix A~1 can be expressed as the
product of elementary matrices.

Let A~ = E\E, ..... E,Thenl = A"'A=E(E, ... .. E,A.

Thus every non-singular matrix A can be reduced to I by pre-multiplying A by
elementary matrices. Hence A can be reduced to the identity matrix by applying
successive elementary row operations. Now, A = IA. Reduce the matrix A in the
left-hand side to I by applying successive elementary row operations and apply the
same elementary row operations to the factor I in the right-hand side.

Thenwe get ] = BAsothat B = A1,
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Solved problems

1 2 -1
Problem 1: Reduce the matrix A = (1 1 2) to the canonical form.

2 4 =2
1 2 -1
Solution: A=[1 1 2

2 4 =2
1 2 -1
~lo -1 3 Ry >Ry — Ry
O 0 0 R3_)R3_2R1
1 0 O
~ 0 _1 3 CZ_)CZ_ch
\0 0 0 C; > C3+ (4
1 0 O
0 0 O
1 0 O
~10 1 O)R2—>—R2
\0 0 0

Problem 2: Find the inverse of the matrix 4= (_

1 0 2 1 0 O
Solution: ( 3 1 —-1]=(0 1 0) A
-2 1 3 0 0 1

N W =

10 2 1 0 0

=><0 1 —7)=(—3 1 0>A R, > R, — 3R, ,R; » R; + 2R,
01 7 2 0 1
10 2 1 0 0

=><0 1 —7)=(—3 1 0>A
0 0 14 5 -1 1

R; - R; — R,
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2 1
0 0 7 7
|- 1
:( 10)_ ]
0 1 5 1
14 14
2 1 1
7 7 7
1 1 1 1
>A" = —— — —
2 2 2
5 1 1

14 14 14/

Exercises:

Now, let 4,B,C € S.

1. Write down six matrices (not necessarily square matrices) and reduce them
to the canonical form.
2. Find the inverse of the following matrices by using elementary operations.
1 -2 3 0 1 1
(a)(o -1 4) M1 o0 1
-2 21 1 1 0
Answers:

-9 8 -5 L —1 1 1
2. (a)(—8 7 —4) (b)z[ 1 -1 1]
1

-2 2 -1 1 -1

Definition:

Let A and B be two square matrices of order n. B is said to be similar to A if there

exists a n X n non-singular matrix P such that B = P~1AP.
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Problem 1:

Similarity of matrices is an equivalence relation in the set of all n x n matrices.
Proof:

Let S be the set of all n X n matrices.

Let A € S.

Since A = I"1AI and I is non-singular, A is similar to A.
Hence similarity of matrices is reflexive.

Now, let A, B € S and let A be similar to B.

~ A= P~1BP where P € S is a non-singular matrix.
Now,

P 1BP = A= PP 1BPP~1 = PA
= B = PAP™1
= B =P H 4P

Since P is non-singular P~ € S is also non-singular.

~ B is similar to A.

Hence similarity of matrices is symmetric.

Let A be similar to B to B be similar to C. Hence there exist non-singular matrices
P,Q € S such that

A=P 1BPand B = Q~1CQ.

A=P1Bp
=P~1(Q7'CQ)P
= (P~tQ™Hcopr
= (QP)'C(QP)

Since P, Q € S are non-singular, QP € S is alsc non-singular.

Now,

Hence A is similar to C.

=~ Similarity of matrices is transitive.
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Hence similarity of matrices is an equivalermwnce relation.
Problem 2:
If A and B are similar matrices show tha their determinants are same.
Solution. Let A and B be two similar matrices.
= There exists a non-singular matrix P such tha B = P~1AP.
|B| = [P71AP]

= |P71|A||P
Now, |P~2[|A]|P]

1
= |A| (since |P71| = —)
|P|

Hence the result.

4.2. Rank of a Matrix

We now proceed to introduce the concept of the rank of a matrix.

Definition:

Let A = (a;;) be an m x n matrix. The rows R; = (a;;, a;z, ..., .., ;) Of A can be
thought of as elements of F™. The subspace of F™ generated by the m rows of A4 is
called the row space of A.

Similarly, the subspace of F'™ generated by the n columns of A is called the
column space of 4,

The dimension of the row space (column space) of A is called the row rank
(column rank) of A.

Theorem 1:

Any two row equivalent matrices have the same row space and have the same row
rank.

Proof:

104

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.



Let A be an m X n matrix.

It is enough if we prove that the row space of A is not altered by any elementary
row operation.

Obviously, the row space of A is not altered by an elementary row operation of the
type R; < R;.

Now, consider the elementary row operation

R; = cR; where c € F — {0}.

Since LR, Ry, ..., R, .. ... ,R.}) = LR, Ry, .. ... ... CR;, ... ... ,R,,}) the row space
of A is not altered by this type of elementary row operation.

Similarly, we can easily prove that the row space of A is not altered by an
elementary row operation of the type R; = R; + cR;.

Hence row equivalent matrices have the same row space and hence the same row
rank.

Similarly, we can prove the following theorem.

Theorem 2:

Any two column equivalent matrices have the same column rank.

Theorem 3:

The row rank and the column rank of any matrix are equal.

Proof:

Let A = (% j) beanm X n matrix.

Let R, Ry, v oo ... , R,,, denote the rows of A.

Hence R; = (a;1, a;, - .- , Qin).

Suppose the row rank of A is r.

Then the dimension of the row space is r.
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Let v1 = (blll e bln), UZ = (b21, ey bzn), ...... ) vr = (brlr ......... ) brn) be a baS|S
for the row space of A.
Then each row is a linear combination of the vectors vy, v,, ... ... ... , Up.

Rl == kllvl + klzvz + """ + klrvr

Let’ RZ == k21v1 + kzzvz + """ + erUr

Ry =kmivy + kv + 00 + KmrUr
where k;; € F.

Equating the i™ component of each of the above equations, we get

ay; =Kq1bqi + kipbyy + oo oo + kqiybyi
Qi =Kp1b1; + kopby; + -o- - + Ky by

Qi :kmlbli + kabZi T + kmrbri

Hence
k
Aqi k11 ki, _lr
Co=by| o Eby| ) F et b
Ami km1 kmz

kmr

Thus, each column of A is a linear combination of r vectors.

Hence the dimension of the column space < r.

=~ Column rank of A < r = row rank of A.

Similarly, row rank of A < column rank of A.

Hence the row rank and the column rank of A are equal.

Definition:

The rank of a matrix A is the common value of its row and column rank.
Note 1:
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Since the row rank and the column rank

of a matrix are unaltered by elementary row
and column operations, equivalent matrices have the same rank. In particular if a

I
0

Thus, to find the rank of a matrix 4, we reduce 4 to the canonical form and find

matrix 4 is reduced to its canonical form ( g) then rank of A = r.

the number of non-zero entries in the diagonal.

Note that in the canonical form of the matrix A, there exists an r X r sub-matrix,
namely, I,., whose determinant is not zero.

Further every (r + 1) X (r + 1) sub-matrix contains row of zeros and hence its
determinant is zero.

Also under any elementary row or column operathe value of a determinant is either
unaltered or whiplied by a non-zero constant.

Hence the matrix A is also such that

(i) there exists an r X r sub-matrix whose determinant is nonzero.

(ii) the determinant of every (r + 1) X (r + 1) sub-matrix is zero.

Hence one can also define the rank of a matrix A to be if A satisfies (i) and (ii).
Note 2:

Any non-singular matrix of order n is equivlent to the identity matrix and hence its
rank is n.

Note 3.

The rank of a matrix is not altered on multipliation by non-singular matrices. since
premultiplicaon by a non-singular matrix is equivalent to applying dementary row
operaptions and post-multiplication y a non- singular matrix is equivalent to

applying dementary column operations.
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Solved problems
Problem 1:
Find the rank of the matrix

4 2 1 3
A=<6 3 4 7)
2 1 0 7

Solution:
4 2 1 3
A=|6 3 4 7)
\2 1 0 7
1 2 4 3
~4 3 6 7)Cl<—>C3
\0 1 2 7
1 0 0 C, - C,— 20
~4 -5 —-10 —5)63—>C3—461
\0 2 7/c,- -3¢
1 0 0 0
~0 -5 —10 —5)R3—>R2—4R1
\0 1 2
1 0 0 0
~(0 -5 0 0)63—>C3—262
0 1 0 6
1 0 0 0
~(0 -5 0 O)R - C,
0 0 0 6
1 0 0 0
~<0 -5 0 O)CZ—>C3
0 0 6 0
1 0 0 O 1
~<0 1 0 0)R2—> SRZ,R3—>6R3
0 01 0
~ Rank of A = 3.
Problem 2:

Find the rank of the matrix
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A= (4 1 0 2) by examining the determinant minors.

0 3 4 2

Solution:
1

N =R
_mW
N =D O
Il
o
Il
N Y S N
i =

I
o
I
NN RN NP

0 3 2 0 4
~ Every 3 x 3 submatrix of A has determinant zero.

Also, |11L 1| —_3%0.

~ Rank of A = 2.

Exercises

1. Determine the rank of any six matrices of your choice.

2. Find the rank of the following matrices,

3 -1 2 0 1 2 1
(a) (O 1 —3) (b) (2 -3 0 —1)
6 —1 1 1 1 -1 0

1 -1 0 2 1
3 11 -1 2
©ls 01 o 3
9 -1 2 3 7

3. Find the column rank of the matrices
1 2 -1 3 3 1 -5 -1
(@) (2 4 1 —2) (b) (1 —2 1 -5
3 6 3 -7 1 5 -7 2
4. Find the row rank of the matrix
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1 3 1 -2
1 4 3 -1
2 3 —4 -7
3 8 1 -7

Answers. 2.(a) 2 (b) 3(c) 33.(a) 2 (b) 34.2

4.3. Simultaneous Linear Equations:
In this section we shall apply the theory of matrices developed in the proceeding

sections to study the existence of solutions of simultaneous linear equations.

Matrix form of a set of linear equations.

Consider a system of m linear equations in n unknowns x;, x,,.. x,, given by

a11x1 + a12x2 + """ + alnxn —_ b1
a21x1 + azzxz + """ + aznxn —_ bz
Am1X1 + ApoXy + e oo + AQpnXn = by,

Using the concept of matrix multiplication and equality of matrices this system can

be written as AX = B where,

all alz ------ aln
a21 azz ------ az-n

\aml Am2 amn/
X1

b
/ xz\ bl
=| - |,B= 2

o)\
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The m X n matrix A4 is called the coefficiént matrix

Definition:
A set of values of x{, x,, ... ... ... , X1 Which satisfy the above system of equations is

calloa solution of the system. The system of equations i said to be consistent if it has
at least one solution Otherwise the system is said to be inconsistent.
The m X (n + 1) matrix given by
/all ...... A, by \

Apq e e a, by

A1 e e Amn bm/
is called the augmented matrix of the system and is denoted by (4, B).
Thus, the augmented matrix (A4, B) is obtained by annexing to A the column matrix
B, which becomes the (n + 1) column in (4, B).
Note. Since every column in A appears in (A, B) the column space of the matrix A
Is a subspace of the column space of the matrix (4, B).Hence the rank of A < rank
of (4, B).
Theorem 1:
The system of linear equations
AX = B is consistent iff rank of A = rank of (4, B).

Proof:

Let the system be consistent.

Let uq, uy, .. .. , Uy, be a solution of the system.
Then B = uyC; +uyCy + -+ - + u, C, where C;, C,, -+, C,, denote the columns of
A,

Hence the column space of the augmented matrix (4, B), namely
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Hence the rank of A = rank of (4, B).

Conversely let rank of A = rank of (4, B).

Then the column rank of A = column rank of (4, B).

~ dim(Cy, C,, ..., C,) = dim(Cy, Cy, ..., Cp, B).

But (Cy, C,, ..., Cy,) is a subspace of (Cy, C,, ... ... ,Cn, B).

~ B is a linear combination of Cy, C,, ... ... ,Cp.

If B =u,C; + -+ u,C, then uy, u,, ... ... , Uy, 1S a solution of the system.

Hence the theorem.

Remark:

The solution of a given system of simultaneous equations is not altered by
interchanging any two equations or by multiplying any equation by a nonzero
constant or by adding a multiple of one equation to another. Hence, we can reduce
the given system of equations to an equivalent system by applying elementary row
operations to the augmented matrix. This reduced form will enable us to test for the
consistency and to find the solution if it exists. This is illustrated in the following

problems.

Solved problems
Problem 1:

xX+y+z=6
Show that the equations x + 2y + 3z = 14
x+4y+7z=30

are consistent and solve them.
Solution:

The given system of equations can be put in the matrix form
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=~ The augmented matrix is given by

111 6

4B)=[1 2 3 14)
1 4 7 30
111 6

~lo 1 2 S)RZ_)RZ_Rl

R. > R. — R

\0 3 6 24/ 3737
111 6

~\0 1 2 8)R3—>R3—3R2
00 0 0

Hence rank of A = rank of (4, B) = 2.
Hence the given system is consistent.

Also the given system of equations reduces to

1 1 1\ /x 6
0 0 0/ \z 0
~x+y+z=6
y+2z=28.
Putting z = ¢ we obtain the general solution of the system as
x=c—2,y=8-2c,z=c.
Problem 2:
Verify whether the following system of equations is consistent. If it is consistent,

find the solution.

x—4y —3z=-16
4x —y+ 6z =16
2x+ 7y + 12z =48
5x -5y +3z=0

Solution. The matrix form of the system is given by
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1 -4 -3\  [-16

4 —1 6 _| 16
2 7 12 ;’ 48
5 -5 3 0

=~ The augmented matrix is given by

1 -4 -3 -16
4 -1 6 16

AB)=1y 7 12 48
5 =5 3 0
1 -4 -3 -16
0 15 18 80
O 15 18 80 RZ_)R2_4R1,R3_)R3_2R1,R4_>R4_5R1
0 15 18 80
1 -4 -3 -—16
0 15 18 80
0 0 0 0 R3_)R3_R2'R4_)R4_R2

0O 0 O 0
Rank of A = Rank of (A, B) = 2 and hence the system is consistent. Also, the

system of equations reduces to

1 4 3\ _ 16
0 15 18 (80
0 0 0 z_ 0
0 0 0 0

~x =4y =3z=-16and 15y + 18z = 80.
Putting z = 0 we obtain the general solution of the systems as
x =—(9¢c/5) + (16/3).

y = (6¢/5) + (16/3)
Z=cC

Problem 3:

For What values of is the equations

114

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.



x+y+z=1
x+2y+4z=n
x + 4y + 10z = n? are connistent?

Solution:

The matrix form of the system in given by

1 1 1\ /x 1
(1 2 4><y>= y
1 4 10/ \z y?

The augmented matrix is given by

11 1 1
A4,B)=[1 2 4 n
1 4 10 n?
L1 U \Rr, >R, —R
01 3 n-1 RZ_)RZ_Rl
0 3 9 p2—1/"3 3 "
11 1 1
=10 1 3 n—1 Ry = R; — 3R,
0 0 0 n?>—3n+2

The given system is consistent iff n> —3n+ 2 — 0
n=2orl.
Problem 4:

Show that the system of equations

x+2y+z=11
4x + 6y +5z=11
2x + 2y + 3z = 19 is inconsistent.

Solution:

The matrix form of the system is given by

(5 96)-(2)
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=~ The augmented matrix is given by

12 1 11
(A,n)=<4 6 5 8)

2 2 3 19
121 \p e e
S O U M S
0 -2 1 -=3/°7° "t T
1 21 11
(0 2 1 —36>R3—>R3—R2
0 00 33

~ Rank of A = 2 and rank of (A, B) = 3.

=~ The given system is inconsistent.

Exercises

1.Solve or prove the inconsistency of the following systems of equations.
@2x—y+3z=28

x—2y—z=4

3x+y=45=0

(b) x+2y—-5z=0

3x+4y+6z=0
x+y+z=0

() x+2y—-5z=-9

3x—y+2z=5
2x+3y—z=3
4x —5y+z=-3

d x+y+z=1
x+2y+3z=1
x+3y+5z=7
x+4y+7z=10
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e x—2y—z—t=-1
3x —2z+ 3t=—-4

Sx —4y+t=-3

()
x+ty+z=7

x+2y+3z=38

2.For what values of A and u the system of equations
x+y+z=6

y+2z=6

x+2y+3z=10
X+2y+Az=u

Is (a) inconsistent (b) consistent (c) consistent and the solution is unique.

3. Show that the set of all solutions of the system of homogeneous equations AX =

0 forms a vector space.

4. Show that a system of n equations in n unknowns given by AX =Y has a

unique solution if the n X n matrix A is nonsingular.

asSwers.

1.

2.

(@) consistent, x =y =z =2

(b) consistent; x =y =z = 0;

(c) consistent; x = %,y = g,z = g;
(d) consistent; x =c—2,y=3—-2c;z=c
(e) inconsistent;

(f) inconsistent;

(g) inconsistent.

If A =3 and u # 10, inconsistent.

If A =3 and u = 10, consistent.

If A # 3, consistent and the solution is unique.

117

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.



T ey i

4.4. Characteristic Equation and Cay.l-éi/" i—lamilton Theorem

Definition:

An expression of the form 4, + A;x + A,x% + -+ + A, x™ where Ay, A4, ..., 4, are
square matrices of the same order and A, # 0 is called a matrix polynomial of

degree n.

1 2 1 1 2 0\ 5 : _
For example, (0 3) + (2 1) X+ (3 1) x* i1s a matrix polynomial of degree 2

1+ x + 2x2 2+ x )

and it is simply the matrix (
Py 2x + 3x%> 34+ x+ x?

Definition:

Let A be any square matrix of order n and let I be the identity matrix of order n.
Then the matrix polynomial given by A — xI is called the characteristic matrix of A.
The determinant |A — xI| which is an ordinary polynomial in x of degree n is called
the characteristic polynomial of A.

The equation |[A — xI| = 0 is called the characteristic equation of A.

Example 1:
LetA = (é i)

Then the characteristic matrix of A is A — xI given by

A—xl=(; i)—x((l) (1))

_ (1 - X 2 )
3 4—x
=~ The characteristic polynomial of A is
_11—x 2
|A—x||—| 3 4—x|

=1-x)4—x)—-6
=x%—-5x—2
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=~ The characteristic equation of Ais |A —xI| =0

~ x? — 5x — 2 = 0 is the characteristic equation of A.

Example 2:

1 0 2
Let A = (0 1 2).
1 2 0

The characteristic matrix of A is A — xI given by

1—x 0 2
A—xI = ( 0 1—x 2 )
1 2 —X
The characteristic polynomial of A is

1—x 0 2
|A—xI|=] 0 1—-x 2
1 2 —X

=1 -[A—-x)(—x)—4] —2(1 —x)]
=—x(1-x)>—4(1—x)—2+2x
=—x3+2x>—x—4+4x -2+ 2x
=—x3+2x>4+5x—6

~ The characteristic equation of A is

—x3+2x2+5x—-6=0
(i.e)x3—2x2—-5x+6=0

Theorem 1: (Cayley Hamilton Theorem).

Any square matrix A satisfies its characteristic equation.

(i.e)ifag + a;x + a,x? + - + a,x™ is the characteristic polynomial of degree n
of A then agl + a;A + ayA? + -+ + a, A" = 0.

Proof:

Let A be a square matrix of order n.

Let |A—xI| = ay+ a;x + a,x? + -+ apx™...........(1)
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be the characteristic polynomial of A. |
Now, adj(A4 — xI) is a matrix polynomial of degree n — 1 since each entry of the
matrix adj(A — xI) is a
cofactor of A — xI and hence is a polynomial of degre < n — 1.
Let adj(A — xI) = By +Byx + Byx? + -+
+B,_x"1
Now, (A — xI)adj(A — xI) = |A — xI|I.
(+ (adjd)A = A(adjd) = |A]
~ (A—xD(By + Byx + -+ B,_{x™ 1)
= (ag + a;x + -+ a,x™)I using (1) and (2)

=~ Equating the coefficients of the corresponding powers of x we get

AB() :aol
AB]_ - BO =a11

ABZ - B1 :azl

—B,,_1 =a,l
Pre-multiplying the above equations by 1, 4, A%, ... A™ respectively and adding we
get
apl + a;A + a,A* + -+ a,A" = 0.
Note:
The inverse of a non-singular matrix can be calculated by using the Cayley
Hamilton theorem a follow.
Let ay + a;x + ayx? + --- + a,x™ be the characteristi polynomial of A.
Then by theorem 1.1 we have
agl + a;A + a, A% + -+ a, A" = 0.
Since |A — xI| = ag + a;x + a,x? + -+ + a,x"w get ag = |A|
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(by putting x = 0).

ao # 0(+ A is a non singular matrix. )

1
I = - [a;A + ayA? + -+ a,A"]  (by3)
0

A7l = l[a] + a,A+ -+ a, A"]

_1
Qo

Solved Problems

Problem 1:

Find the characteristic equation of the matrix

8 -6 2
A=|-6 7 -4

2 —4 3
Solution:

The characteristic equation of A is given by |[A — AI| = 0.

8—1 -6 2
—6 7-1 —4
2 -4 3-1

B8 —D[(7-N)3B—-2) —16] + 6[-6(3— 1) + 8]
+2[24 —2(7=2)] =0
(i.e.) (8 — )(A2 — 104 + 5) + 6(61 — 10)
+2(214+10) = 0
(i.e.) (842 — 801 + 40 — A3 + 1042 — 52)
+(361 — 60) + (41 +20) = 0
(i.e) A3 — 181% + 451 = 0, which represents the characteristic equation of A.

(ie.) = 0.

Problem 2. Show that the non-singular matrix

A= (; i) satisfies the equation A2 — 24 — 51 = 0. Hence evaluate A~ 1.

Solution:
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The characteristic polynomial of A is

1—x 2
3 1—x

= By Cayley-Hamilton theorem A% — 24 — 51 = 0.

1A —xI| = | =x?-2x-5.

1
o= E(AZ - ZA)

T
“ AN =z(A-2D

1,_
=:(73 9
Problem 3:

Show that the matrix

2 -3 1
A= ( 3 1 3) satisfies the equation A(A — I)(A + 2I) = 0.

5 2 —4
Solution:
The characteristic polynomial of A is

2—1 =3 1
3 1-21 3
-5 2 —4 -2
= —A3 — A% + 221 (verify).

= By Cayley-Hamilton theorem —A43 — A% + 24 = 0.
(i.e) A3 + A2 — 24 = 0. Hence A(42+ A —2I) = 0.
~ A(A+2D(A-1)=0.

Problem 4:

Using Cayley-Hamilton theorem find the inverse of the matrix

|A—Al| =
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7 2 =2
(—6 -1 2)
6 2 -1

Solution:

7 2 =2
LetA = (—6 -1 2)
6 2 -1
The characteristic polynomial of A = |A — x|
7—x 2 -2
-6 —-1-x 2
6 2 —-1—x
=7 —-x)[(1+x)*>—4]—-2[6(1 +x) —12]
—2[-12 + 6(1 + x)]
=32 —-x)(x*+2x—-3)—12(x—1)—12(x— 1)
=—7x%>+14x — 21 — x3 — 2x% + 3x — 12x + 12
—12x — 12
=—x3—-5x>—-7x+3
By Cayley-Hamilton theorem
—A3+5A4%—-7A+3I;=0
43 —-542+74-31;=0
=313 =43 —54%2 + 74

1
n3= E(A3 — 5A% + 7A)
Pre(or) post multiplying by A~ on boch sides we ge

A—1=1 2 54 +7]]
5 3

25 8
= (_24 -7 ) (verify).

24 8 —7
From (1)

o ke
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Problem 5:

3 3 4
Fid the inverse of the matrix (2 -3 4) mose Crim-Hamitton theorem.
0O -1 1
Solution. The characteristic polynomial of A
3—x 3 4
=A—=x|I=]| 2 -3 —x 4
0 -1 1—x

= —x3 4+ x% + 11x — 11 (verify).
=~ By Cayley-Hamilton theorem
—A3+ A2+ 11A- 1113 =0
Hence 11 I; = —(43 — A% — 114).

1
—H[A3 — A% - 114].

Pre (post) multiplying by A~ on both sides we get

. 13:

1
[A%2 — A — 1115]

Al=——
11
1 (15 —4 28) (3 3 4)
=—-— 0 11 o]—-(2 -3 4
11 -2 2 -3 0O -1 1
/ 1 7 24
11 11 11
1 0 0
) N |
11 11 11
00 1 \ 2 3 15
11 11 11
Problem 6:

Verify Cayley Hamilton's theorem for the matrixA = CL g)

Solution:
The characteristic equation of A is |[A — A| |= 0.
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1-1 2 |_
4 3—/1_0
~(1=-DB-1)—-8=0
W A2 —4)—5=0.

By Cayley Hamilton's theorem A satisfies its characteristic equation.

- We have A? — 44 — 51 = 0.

Now, A2=(1 2)(1 2)

4 3)\4 3
B (12 127;)
= (12 ) and 51 = (g g)
“ AT 44 - 51 = (12 13) B (146L 12)

5 0y_/0 0\_
B (o 5) - (0 0) =0
Thus, Cayley Hamilton's theorem is verified.

Problem 7:

1 0 -2
Using Cayley Hamilton's theorem for the matrix A = (2 2 4)
0 0 2

find (i) A71 (ii) A%
Solution. The characteristic equation of A is |A — AI| = 0.

1-2 0 -2
2 2—21 4 [=0
0 0 2—-1

(i.e) 23 —514% + 81 — 4 = 0. (Verify)
~ By Cayley Hamilton's theorem
A3 —5424+84—-41=0.......(1)
41 = A> —54% + 84
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(i) To find A~ pre multiplying by A~* we get

4A71 =A"143 — 547142 + 84714
= A% — 54+ 8I(2)

1 0 =2\/1 0 -2
Now,A2=<2 2 4)(2 2 4)
0 0 2/\0 0 2

1 0 -6
= (6 4 12)
0 0 4

From (2)

/1 0 —6
A‘1=Z[<6 4 12)
0 0 4
5 0 —10 8 0 0
—(10 10 20>+(0 8 0)]
\o o0 10 0 0 8
1/4 0 4)
“l4 2 -8
o o 2
(1 )
1 —2
| I
\o o -3/
2
(ii) To find A%,
From (1) A% = 54% — 84 + 41

~ A* =543 — 84% + 44
= 5[54% — 84 + 4I] — 84% + 44

(using (1))
= 17A4% — 364 + 201

2 Al =

o N —,O

126

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.



1 0 -6 1
=17 (6 4 12) — 36 (2
0 0 4 0

17 0 -102 36 0 72 20 0 O
=102 68 204 |—\72 72 144 )+ 0 20 O

0O O 68 0 0 72 0O 0 20
1 0 -30

At = (30 16 60)
0 0 16

Exercises:

1.0Obtain the characteristic polynomial for the following matrices.

0@ oG 2

2.Find the characteristic equation of the following matrices.

1 0 3 8 —6 2
(i) ("i ~) [z 1 —1] (iii) (—6 7 —8)

1 -1 1 2 —4 3
-b —c —-d
(iv)| 1 0 0
0 1 0

1 4

3. Verify Cayley-Hamilton theorem for the matrix A = (2 3

) and hence find

A1,

1 0 2
4. IfA=<0 1 2)provethatA3—2A2—5A+6I=0.
1 2 0
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5. Verify Cayley-Hamilton theorem for 4 and hence find A7 1.

2 -1 1 1 -1 1
@A=[-15 6 —5) (b)A=<0 1 0>
\ 5 —2 2

L)

2 0 3
1 0 3 1 1 1
c©A=(2 1 —1)(d)A=<1 2 1>
\1 -1 1 11 2
6. 1fa=(% T)find 4% and A",
1 2 3
7. Verify that the matrix A = (2 -1 4) satisfies its own characteristic
3 1 -1

equation and hence find A~ and A*.
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UNIT V

Eigen values and Eigen vectors—Properties and problems— Bilinear forms —
Quadratic forms — Reduction of quadratic form to diagonal form.

Chapter 5: Sections- 5.1-5.3

5.1. Eigen Values and Eigen Vectors
Definition:
Let A be an n x n matrix. A number A. is called an eigen value of A if there exists
X1
a nonzero vector X = x:z such that AX = AX and X is called an eigen vector
%
corresponding to the eigen value A.
Remark 1:
If X is an eigen vector corresponding to the eigen value A of A, then aX where « is
any non-zero number, is also an eigen vector corresponding to A..
Remark 2:
Let X be an eigen vector corresponding to the eigen value A of A. Then AX = AX
so that (A — AI)X = 0. Thus X is a non-trivial solution of the system of
homogeneous linear equations (A — AI)X = 0. Hence |A — AI| = 0, which is the
characteristic polynomial of A. Let |A — AI| = apA™ + a, A" 1 + - + a,.
The roots of this polynomial give the eigen values of A. Hence eigen values are
also called characteristic roots.
Properties of Eigen Values:
Property 1: Let X be an eigen vector corresponding, the eigen values 4, and A,.
Then 4, = 1,.
Proof:
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By definition X # 0,AX = ;X and X = AZX
2 MX = ,X

s =2)X=0

Since X + 0,1, = A,.

Property 2:

Let A be a square matrix.

Then (i) the sum of the eigen values of A is equal othe sum of the diagonal

elements (trace) of A. (ii) Product of eigen values of A is |A].

Proof:
i1 A1z 0 Qin
(i) Let A = :5121 :azz :ClZn
An1 Qpz2 - App

The eigen values of A are the roots of the characteristic equation

a;; — A a2 A1n

a Ay — A - a
A—aj=| "# = . o1 =0.

an1 an2 ann_/1

Let |[A— Al| = agA™ + g, A" 1+ -+ q,, ...
From (1) and (2) we get
ap = (D% a; = (D" Hags + az + - +ann); - (3)

Also, by putting A = 0 in (2) we get a,, = |A]|
Now let A4, 4,, ..., 4,, be the eigen values of A.
& A4, Ay, ..., Ay, are the roots of (2).

a;
o /11 +/12 + -4 /‘ln = -
Qo

= a4, + ayy + -+ + ay, (using (3))
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=~ Sum of the eigen values = trace of A.

(i) Product of the eigen values = product of the roots

=My Ay
~ e S CD
2 ="
= a,
= |4].
Property 3:

The eigen values of A and its transpose AT are the same.

Proof:

It is enough if we prove that A and AT have the same characteristic polynomial.
Since for any square matrix M, |[M| = |MT| we have,

[A— Al =](A-AD"] = A" — (D]
= |AT = 2l

Hence the result.
Property 4: If A is an eigen value of a non-singular matrix A then % IS an eigen

value of A1,

Proof:

Let X be an eigen vector corresponding to A.

Then AX = AX. Since A is non singular A~ exists.

wATHAX) = ATH(AX)
IX = AA71X

W ATIX = (%) X.

1. . —
= ~isaneigen value of A L
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Corollary: If 14, 1,, ..., 4,, are the eigen values of a non-singular matrix A then

ii ﬁ are the eigen values of A7 1.

Property 5.

If A is an eigen value of A then kA is an eigen value of kA where k is a scalar.
Proof:

Let X be an eigen vector corresponding to A. Then AX = AX. ....... D

Now,

(k)X = k(AX)

= k(AX) (by (1))
= (kD)X.

~ kA is an eigen value of kA.

Property 6:

If A is an eigen value of A then ¥ is an eigen value of A* where k is any positive
integer.

Proof:

Let X be an eigen vector corresponding to A.

Then AX =X .......... (1)

Now,

A%X = (AA)X = A(AX)

= A(4X) (by (1))
= A(AX)

= A(AX) (by (1))
= 22X.
~ A% is an eigen value of A2,
Proceeding like this we can prove that A* is an eigen value of A* for any positive

integer.
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Corollary. If 14,15, ..., A,, are eigen values of A then Ak, 2k ..., A¥ are eigen values
of A* for any positive integer k.
Property 7.
Eigen vectors corresponding to distinct eigen values of a matrix are linearly
independent.
Proof:
Let A4, 1,, -+, A be distinct eigen values of a matrix and let X; be the eigen vector
corresponding to 4;.
Hence AX; = A, X; (i=1,2,...,k)
Now, suppose X, X5, ..., Xj, are linearly dependent. Then there exist real numbers
aq, Ay, ..., A, NOt all zero, such that a; X; + a, X, + -+ + ax X, = 0. Among all
such relations, we choose one of shortest length, say j.
By rearranging the vectors X;, X,, ..., X, we may assume that
a1 X, + axX; + -+ a;X; = 0.

2 AlaXy) + AlapXy) + -+ A(aiX;) = 0 e . (2)
vy (AXy) + ay(AX) + -+ a;j(AX;) = 0

S Xy Fa A Xy o+ il =0 3)
Multiplying (2) by A, and subtracting from (3), we get
az (A — 22)X; +az(Ay — A3) X5 + -
+a;(4 —2)X; = 0. (4)

and since A4, 4,, ..., 4; are distinct and a5, ..., «; are non-zero we have
ai(ly =) #0; i =23, ..,]j.
Thus (4) gives a relation whose length is j — 1, giving a contradiction.

Hence X;, X, ..., X; are linearly independent.

133

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.



Property 8:
The characteristic roots of a Hermitian matrix are all real.
Proof:
Let A be a Hermitian matrix. Hence
A=AT .. ......(D
Let A be a characteristic root of A and let X be a characteristic vector
corresponding to A.
W AX =X o (2)
Now,

AX = AX = XTAX = 2XTX
= (XTAX)T = AXTX (since XTAX is
= XTAT(XTDT = AXTX
= XTATX = AXTX
= XTAT - X = AXTX
= XTATX = AXTX
= XTAX = AXTX (using 1)
= XTAX = 2XTX (using 2)
= AXTX) = 2(XTX) ...
Now,

XTX =XTX =x7x; + X% + =+ oo + XX,
= x|+ 22 + o4 x|
# 0

~ From(3)weget1 =1

Hence A is real.

Corollary.

The characteristic roots of a real symmetric matrix are real.

Proof:
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We know that any real symmetric matri |

x is Hermitian. Hence the result follows
from the above property.

Property 9:

The characteristic roots of a skew Hermitian matrix are either purely imaginary or
zero.

Proof:

Let A be a skew Hermitian matrix and A be a characteristic root of A.

aJiA =il =0

~ 1A Is a characteristic root of iA.

Since A is skew Hermitian iA is Hermitian, iA is real. Hence A is purely imaginary
or zero.

Corollary:

The characteristic roots of a real skew symmetric matrix are either purely
imaginary or zero.

Proof:

We know that any real skew symmetric matrix is skew Hermitian.

Hence the result follows from the above property.

Property 10:

Let A be a characteristic root of a unitary matrix A. Then |A| = 1. (i.e) the
characteristic roots of a unitary matrix are all the unit modulus.

Proof:

Let A be a characteristic root of a unitary matrix A and X be a characteristic vector

corresponding to A.

Taking conjugate and transpose in (1) we get
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(AX)T =(x)"
2 XTAT = 2XT ... ..(2)

Multiplying (1) and (2) we get

(x74T) (ax) = (2XT)(Ax)

2 XTATAX = 2A0(XTX)
Now, since 4 is an unitary matrix ATA = 1.
Hence XTX = (A)XTX
Since X is non-zero vector X7 is also non-zero vector and XX = |x{|? + |x,]? +
o +|x, % # 0 we get A4 = 1.Hence |1]? = 1. Hence |1] = 1.
Corollary:
Let A be a characteristic root of an orthogonal matrix A. Then |1]| = 1.
Since any orthogonal matrix- is unitary the result follows from property 10.
Property 11:
Zero is an eigen value of A if and only if A is a singular matrix.
Proof:
The eigen values of A are the roots of the characteristic equation |A — AI| = 0.
Now, 0 is an eigen value of A & |A—-0I| =0

& Al =0
& A is a singular matrix

Property 12.

If A and B are two square matrices of the same order then AB and BA have the
same eigen values.

Solution.

Let 4 be an eigen value of AB and X be an eigen vector corresponding to A.
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(AB)X = X

B(AB)X = B(AX) = A(BX).
(BA)(BX) = A(BX)

(BA)Y = 1Y, where Y = BX.

Hence A is an eigen value of BA.

Also BX is the corresponding eigen vector.

Property 13:

If P and A are n X n matrices and P is a nonsingular matrix then A and P~1AP
have the same eigen values.

Proof:

Let B = P 1AP.

To prove A and B have same eigen values, it is enough to prove that the
characteristic polynomials of A and B are the same.

|B—Al|=|P AP — Al
= |P71AP — P71 (ADP]

= |P71(4 - ADP|

Now = [P7YA—Al||P|
= [P7Y|P||A - I
= |P71P||A — Al
= [I[A = Al
=14 - I]]

= The characteristic equations of A and P~1AP are the same.

Property 14:

If A is a characteristic root of A then f (A1) is a characteristic root of the matrix f(A)
where f(x) is any polynomial.

Proof:

Let f(x) = agx™ + a;x™ 1 + -+ a,_,;x + a,, where ay, # 0 and a,, a,, ..., a,

are all real numbers.
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o f(A) = agAt + a A+ a1 A+ agl.

Since A is a characteristic root of A, A" is a characteristic root of A™ for any

positive integer n (refer Property 6)

W AMX = "X
AMIY =y

AX = AX
o aoAnX = aoﬂ,nX
alAn_lX = al/ln_lX

an_lAX = an_lllX
Adding the above equations we have

agA"X + AV IX + -+ a,_1AX
= agA"X + ;A" X + -+ a1 AX
2 (@A™ + a A"+ 4 a1 A)X
= (apA" + a A" 1 + -+ a,_ D)X
(@At + a AVt a1 A+ a,DX
= (@A™ + A" 1 + -
+a,_ 1A+ a)X
~fAX = f(DHX
Hence f(4) is a characteristic root of f(A4).

Solved Problems

Problem 1:

If X;, X, are eigen vectors corresponding to an eigen value A then aX; + bX,(a, b
non-zero scalars) is also an eigen vector corresponding to A.

Solution:
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Since X; and X, are given vectors corre.smac;ﬁding to 4, we have
AX, = AX; and AX, = 1X,.

Hence A(aX;) = A(aX,) and A(bX,) = A(bX,).

~ A(aX, + bX,) = A(aX; + bX,).

~ aX, + bX, is an eigen vector corresponding to A.

Problem 2:

If the eigen values of

3 10 5
A= (—2 -3 —4) are 2,2,3 find the eigen values of A™1 and A2.
3 5 7

Solution:

Since 0 is not an eigen value of 4, 4 is a non-singular matrix and hence A~ exists.

Eigen values of A~1 are and eigen values of A2 are 22,22, 32,

) )

N |-
N |-
OV

Problem 3:

Find the eigen values of A> when

=G g 7

golution. The characteristic equation of A is obviously 3 —1)(4 —A)(1 —A) =
0.
Hence the eigen values of A are 3,4,1.

= The eigen values of 4> are 3°, 45,15,

Problem 4:
3 -4 4

Find the sum and product of the eigen values of the matrix (1 —2 4) without
1 -1 3

actually finding the eigen values.

Solution:
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3 —4 4
LetA=<1 -2 4)

1 -1 3
Sum of the eigen values = trace of A = 3 + (—2) + 3 = 4.

Product of the eigen values = |A]|.

Now,
3 —4 4
|[Al=11 -2 4
1 -1 3

=3(—6+4)+4(3—-4)—-4(-1+2)
=—6-4—4=-14
=~ Product of the eigen values = —14.

Problem 5:
Find the characteristic roots of the matrix ( cost  —sin 9)
—sinf  cosf
Solution:
_( cosf —sinf
Letd = (—sin 6 cos 9)

The characteristic equation of A is given by |[A — AI| = 0.

_|cos8@ —A1  —sin@ —0
"1 —sin®  cosf—2A '

= (cos@ —2)? —sin? 6 = 0.

s (cos@ — A —sinf)(cosd — A +sinf) = 0.

& [A = (cosB —sinB)][A — (cos O +sin6)] = 0.

=~ The two characteristic roots, (the two eigen values) of the matrix are (cos 6 —
sin @) and (cos 6 + sin 0).

Problem 6:

cosf —sin 9)

Find the characteristic roots of the matrix A = (—sin 6 —cosf

Solution:
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The characteristic equation of A is give‘rTBn;/L |A—AIl = 0.

(ic) cosf — A —sin @ _
e —sin 8 —cosO — A

. —(cos? 6 — 1?) —sin? 6 = 0.
~ A% — (cos? @ + sin? 9) = 0.
~A=-1=0.

-~ The characteristic roots are 1 and -1.

Problem 7:

Find the sum and product of the eigen values of the matrix

0

_ (Q11 Q12 . N . )
A= ( . azz) without finding the roots of the characteristic equation.

Solution:

Sum of the eigen values of A = trace of A = a,; + a,,.
Product of the eigen values of

A =|A| = a11a23 — A12051.

Problem 8:

Verify the statement that the sum of the elements in the diagonal of a matrix is the

-2 2 -3
sum of the eigen values of the matrix A = ( 2 1 —6)

-1 -2 0
Solution:

The characteristic equation of A is |[A — AI| = 0.

—-2—-1 2 -3
(i.e) 2 1-1 —-6[=0.
-1 -2 =1

(ie) (=2 =D[A =) (=A) —12] — 2[-21 — 6]
—3[-4+ (1 -] =0.
ie) (—2—-1DA?=-21—-12) +4(1+3)

+3(A+3) = 0.
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(i.e) =222 + 21 + 24 — 23 + 22
+124+44A+4+12+314+9 =0.
(i.e) =23 — 12 + 211 + 45 = 0.
(i.e) A3+ 22 — 211 — 45 = 0.
This is a cubic equation in A and hence it has 3 roots and the three roots are the

three eigen values of the matrix.

coefficient of /12>

Th f the ei lues = —
¢ sum ol the e1gen values ( coefficient of A3

= —1.
The sum of the elements on the diagonal of the matrix

A=-2+4+1+ 0= —1.Hence the result.

Problem 9:
6 -2 2

The product of two eigen values of the matrix A = (—2 3 —1) Is 16. Find
2 -1 3

the third eigen value. What is the sum of the eigen values of A ?
Solution:

Let A,, 1,, 15 be the eigen values of A.

Given, product of 2 eigen values (say) 1;,4, iIs16. . 1,4, = 16

We know that the product of the eigen values is |A].

6 —2 2
2 -1 3
(i.e)
1645 = 6(9 — 1) + 2(=6 + 2) + 2(2 — 6)
=48-8-8
=32
o /13 == 2
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=~ The third eigen value is 2.
Also we know that the sum of the eigen values of
A= traccof A=6+3+3=12

Problem 10:
2 2 =7

The product of two eigen values of the matrix A = (2 1 2) Is -12. Find the
0 1 -3

cigen values of A.

Solution:

Let A,,1,, 15 be the eigen values of A, Given product of 2 eigen values, say. 1, and
Ay 1S -12.

We know that the product of the eigen values is |A].
2 2 =7
o 2,1).2).3 == 2 1 2
0 1 =3l...... (2)
e 124; =-12
" A3 = 1

Also, we know sum of the eigen values = Trace of A.

/11+/12+/13:2+1_3=0
~ Ay +A; = =1 (using (2))(3)

Using (3) in (1) we get 4, (—1 — 4,) = —12

A2+ -12=0
Ay =3o0r —4

Putting A; = 3in (1) we get A, = —4. Or putting 1; = —4in (1) we get 1, = 3.

Thus, the three eigen values are 3, —4,1.

143

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.



Problem 11:

Find the sum of the squares of the eigen values of A = (

Solution:
Let A4, 1,, 45 be the eigen values of A.

We know that A%, 13, A3 are the eigen values of A2
31 4\/3 1 4

A2=(o 6)(0 : 6)
0 5/\0 0 5

9 38
= (0 42)
0 0 25

Sum of the eigen values of A% = Trace of A2
=9+4+25
(i.e) A2+ 25+ 2% =38

e A =\

Sum of the squares of the eigen values of A = 38.
Problem 12:

Find the eigen values and eigen vectors of the matrix

1 1 3
A=<1 5 1)
3 1 1

Solution:
The characteristic equation of A is
|A— Al = 0.

0
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1-2 1 3
1 5-41 1 [=0.
3 1 1-21

SA-DG-HDA-ADH-1]-[1-21) —-3].+3[1-3(5—-2)] =0.
1-2DA*—-61+4)+(1+2)+3(3B1—14) =0.
A—61+4—-24+61>—41+1+2+91—42=0.

~ =234+ 712 —36 = 0. Hence 23 — 712 + 36 = 0.
~(A+2)A2-91+18) =0.

Hence (A +2)(A—6)(A—3) = 0.

. A = —2,3,6 are the three eigen values.

Case (i) Eigen vector corresponding to 1 = —2.

X1
LetX = (xz) be an eigen vector corresponding to A = —2.
X3

Hence AX = —2X

1 1 31[* —2xq
(i.e.) [1 5 1] xz] = [‘2352]
3 1 11lx3 —2Xx3
X1+ xy +3x3 = —2x
X1 + 5x, + x3 = —2x,
3x1 + x5 +x3 = —2x3
3x;1 + x5 +3x3 =0........... (1)
X1 +7x, +x3=0 .......... (2)
3x;1 + x5 +3x3 =0..........(3)

Clearly this system of three equations reduces to two equations only. From (1) and
(2) we get
VX = —Zk, Xy = O, X3 = 2k.
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=~ It has only one independent solutionﬁa.r'iaméan be obtained by giving any value to
k say k = 1.

~ (—2,0,2) is an eigen vector corresponding to A = —2.

Case (ii) Eigen vector corresponding to A = 3.

Then AX = 3X gives

—2x1+x2+3x3 :0
x1+2x2+x3:0
3x1+x2_2x3:0

Taking the first 2 equations we get
X2 X3

X1 _ X3 _
i —_S—k(say).

fxy = —kixy = ki x5 = —k.

Taking k = 1 (say) ( —1,1,—1) is an eigen vector corresponding to A = 3.
Case (iii) Eigen vector corresponding to A = 6.

We have AX = 6X.

Hence

_le +x2 + 3X3 = O

x1 - xz + X3 = O

3x1+x2—SX3 = O
Taking the first two equations we get

xl_xz_x3_
4 8 4

v x1 = k; x, = 2k; x5 = k. It satisfies the third equation also.

k

Taking k = 1 (say) (1,2,1) is an eigen vector corresponding to A = 6.
Problem 13:

Find the eigen values and eigen vectors of the matrix

6 —2 2
A= (—2 3 —1)
2 -1 3
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Solution:

The characteristic equation of A is |[A — AI| = 0.

6—4 =2 2
-2 3-12 -1]=0.
2 -1 3-2

2 (6=D[B -2 —1]+2[(21 - 6) + 2]
+2(2-6+21) = 0.

L (6-D@B+A—-61)+41—-8+41—-8=0.

~ 48+ 612 —361—81— 13 +642+81—16 =0.
W =A% +1222 - 361+ 32 =0.

Hence 13 — 121% + 364 — 32 = 0.

s~ (A=-2)1-2)(1—-8)=0.

=~ The eigen values are 2,2,8.

We now find the eigen vectors.

Case (i) 1 = 2.
X1

The eigen vector X = (xz) Is got from AX = 2X.
X3

v 6x1 — 2xy + 2x3 = 2x4

—2x1 + 3x; — x3 = 2x,

2x1 — X5 + 3x3 = 2x3
Sodxy — 2x;, + 2x3=0
—2x1 +x,—x3=0
2x1 —x; +x3=0

The above three equations are equivalent to the single equation
le_x2+x3 = O
The independent eigen vectors can be obtained by giving arbitrary values to any

two of the unknowns x;, x5, x5.
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Giving x; = 1;x, = 2we get x3 = 0.

Giving x; = 3;x, = 4 we get x3 = —2.

= Two independent vectors correspondingto A =2 are (1,2,0 ) and ( 3,4, —2).
Case (ii) A = 8.

The eigen vector X = (2) Is got from AX = 8X.
X3

S=2x1 — 2%, +2x3=0 ..........()

—2x1 = 5%, —x3=0 ... ... ... (2)

2x1 — X3 —5x3 =0 ... ... ... ....(3)

From (1) and (2) we get

2=2 =2 =k (say).

X1 = Zk,xz = _k,x3 = k.
Giving k = 1 we get an eigen vector corresponding to 8 as (2, —1,1).
Problem 14:

2 -2 2
Find the eigen values and eigen vectors of the matrix A = (1 1 1)
1 3 -1
Solution:
The characteristic equation of A is |A — AI| = 0.

2—A1 =2 2
(le) | 1 1-1 1 = 0.
1 3 -1-1

A R=D[A-DA+D) =31 +2[-A1+D)—1]+2[3-(1 -] =0

~2=-DA%2-4)-22+D+22+21) =0
W22 —-8—-23 441 —-4-214+4+4+21=0
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W =B +22%2+42-8=0

Hence 23 — 242 —41+8=0
L(A=-2)A%-4=0

Hence (1 —2)(A—=2)(A+2)=0

. A= 2,2,—2 are the three eigen values.
Case (i) A = 2.

Let X = (x4, x5, x3) be an eigen vector corresponding to 1 = 2, X is got from

AX = 2X.

2 _2 2 xl le
(i.e) [1 1 1] [le = (2x2>
1 3 —1llxs]  \2x,

The eigen vector corresponding to A = 2 is given oy the equations
le - 2x2 + ZX3 == le
x1+x2+x3: sz
x1 + 3x2 - X3 == ZX3

(ie) —x;+x3=0........(1)

X1 =Xy +x3=0....... ... (2)

X1 +3x; —3x3=0..........(3)
taking (1) and (2) we get % = x—lz = x—13 = k (say).

X1 = O;XZ =k;X3 = k.

taking k = 1, we get (0,1,1) as an eigen vector. rresponding to 1 = 2.

Case (i) A = =2,
Corresponding to A = —2 we have AX = —2X.

149

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.



v 2Xq — 2x5 + 2x3 = —2Xx4
X1 + Xy +X3 = —2x2
X1+ 3xy —x3 = —2x3
. le_x2+x3: 0
x1 + 3x2 + X3 = 0
x1 + 3x2 + X3 = 0
=~ Taking the first two equations we get,
X1 X2 X3
—=—=—=k .
— =5 =7 =k(say)
X1 = _4k, Xy = _k, X3 = 7k.

Taking k = 1 we get ( —4, —1,7 ) as an eigen vector corresponding to the eigen

value 4 = —2.

Exercises
1. For each of the following matrices find the characteristic vectors

corresponding to each characteristic root.

8 —6 2
(a) (—6 7 —4)
2 —4 3

2 21
(b) [1 3 1]
1 2 2

1 1 1
(c) (0 1 1)
0 1 1

1 0 0 0

-1 i 0 0

@1 2 12 =i o
1/3 —i @ -1

3 1 -1
2. For what value of k is 3 a characteristic root of (3 5 —k)
3 k -1
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3. Find the characteristic roots and the corresponding characteristic vectors of

1 -1 -1
AB+A2+A+1ifA=|1 -1 0
1 0 -1
4. Prove that if A is a characteristic root of the matrix A then A — k is a
characteristic root of A — kl.
5. Show that the characteristic root of a triangular matrix are just the diagonal
elements of the matrix.

6. Show that every orthogonal matrix of odd order should have 1 or -1 as a

characteristic root.

7. Show that if A is a characteristic root of a unitary matrix then so is /11

Answers.
1. (a) 0,3,15. The corresponding characteristic vectors are (1,2,2);
(2,—1,-2); (2,-2,1).
(b) 1,1,5; The characteristic vectors corresponding to 1 is a linear
combination of (2, —1,0) and (1,0, —1). A characteristic vector
corresponding to 5 is (1,1,1).
(c) 1,1,1. A characteristic vector is (1,0,0).
2. k=2.
5.2. Bilinear forms:
Introduction
Consider a finite dimensional, inner product space V er the field R of real numbers.
The inner product is function from V x V to R satisfying the following mditions
() {auy + Buy, v) = aluy, v) + Bluy, v)
(ii) (u, avy + Bvy) = alu, v1) + Bu, v,)
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In other words, the inner product is a s

calar valued function of the two variables u
and v and is linear function in each of the two variables. This pe of scalar valued
functions are called bilinear rms. In this chapter we study bilinear forms on finite

mensional vector spaces.

1. Bilinear forms
Definition.
Let VV be a vector space over a field F. bilinear form on V is a function f:V XV —
F ach that
() flauy + Buy,v) = af (uy, v) + Bf (uy, v)
(i) f(u, av, + Bv,) = af (u,v,) + Bf (u,v,) where a, 8 € F and
Uq, Uy, V1, Uy EV.
In other words, f is linear as a function of any one f the two variables when the
other is fixed.
Examples
1. LetV be a vector space over R. Then an inner product on V is a bilinear
formon V.

2. Let V be any vector space over a field F. Then the zero function 0: V x V —

F given by O(u, v) = 0 is a bilinear form.

For,
0(au; + fu,,v) =0
= a0 + 0
= aﬁ(uL v) + :B(A)(uZJ U)
Similarly

0(u, avy + Bv,) = a0(u,v,) + BO(u, v,)
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:gId F. Let f; and f, be two linear
functionals on V, (ie) f; and £, are linear transformations from V to F. Then
f:V XV —= F defined by f(u,v) = f;(u)f,(v) is a bilinear form.

For, f(au, + Bu,, v)

= filau; + fuy)fo(v)
= [afi(uy) + Bfi(u)1f2(v)

(since f; is linear)

= afi(u)fa(v) + Bfi(uz)fo(v)
= af(ull 7.7) + ﬁf(uz’ 17)
Similarly,

fQu, avy + Bvy) = af (u,v1) + Bf (w, vy).
Exercises
1. Show that the function f defined by
f(x,y) =x1y1 + x50 + e + X,y Where x = (x1, X3, ... ... , X,,) and
Y = (V1, V2, cee cee one , Y is a bilinear form on V,(F).
2. Which of the following are bilinear forms on V,(R) ?
Letx = (x1,x;) and y = (34, ¥2).
@ f(xy) =1
(0) f(x,y) = (X1 — y1)? + %275
© f(x,y) = (g +y1)? = (xg — y1)?.
(d) f(oy) = %Y, — X201
Answers. (c) and (d) are bilinear forms.
Notation. Let V be a vector space over a field F. Then the set of all bilinear forms
on V is denoted by L(V,V, F).

Theorem 1:
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Let VV be a vector space over a field F. Then L(V,V, F) is a vector space over F

under addition and scalar multiplication defined by

f +9Ww,v) = fw,v) +g(wv) and
(af)(w,v) = af (u,v)

Proof:
Letf,ge L(V,V,F)and a, € F.
We claimthat f + gand a,f € L(V,V,F).

(f +g)(au; + fu,,v)
= f(au; + Buy,v) + glau; + fu,, v)
= af (u,v) + Bf (uz, v) + ag(uy, v) + Bg(uy, v)
= alf (uy, v) + gQug, v)] + Blf (uz, v) + g(uy, v)]
= al(f + 9)(u, v)] + BI(f + g)(uyz, v)]

Similarly, we can prove that

(f + 9w, avy + pvy) = al(f + 9)(w, v)] + BI(f + g9)(w, v;)]

Hence (f +g) € L(V,V,F).
*Also (aqf)(au; + Bu,,v)

= a;f (auy + Puy,v)

= as[af (uy, v) + Bf (up, v)]

= aaf(uy,v) + a1 Bf (uy, v)

= a[(ayf)(uq, v)] + Bl(aif)(uz, v)]

Similarly
(a1 ), avy + Bvy) = al(ayf (u,v)] + Bl(a ), vy)]

~ a.f €LV, V,F).
The remaining axioms of a vector space can be easily verified.
Matrix of a bilinear form. Let f be a bilinear form on V. Fix a basis {v,, vy, ..., v, }

for V.
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Letu =avy +- ..+ ayv,and v = v, + -+ .. + B v,
Then f(u,v)
= f(lavy + .. +a,v,, Bvs + .. +ann)\

Z a:Bif (vi; vy)
Z aijai,[)’j where f(vl-, 17]) = aij

Ay - Qin\ /By
= (ag ... ,an)( )()
An1 - Anun/ \By,

~ f(u,v) = XAYT where
X= (ay,..,a,),A=(a;;) and Y = (B, ...,[)’n))

The n X n matrix A is called the matrix of the bilinear form with respect to the

chosen basis.

Conversely, given any n X n matrix A = (a;;) the f:V x V — F defined by
f(u,v) = XAY" is a bilinear form on V and f(v;,v;) = a;;. Also, if g is any other
bilinear form on V such that g(v;,v;) = a;;, then f = g (verify).

Solved Problems

Problem 1:

Let f be the bilinear form defined on V,(R) by f(x,y) = x,y; + x,y, Where x =
(x4, x,) and y = (y4, y,). Find the matrix of f.

(i) W.r.t. the standard basis {e,, e, }.

(i) w.r.t. the basis {(1,1), (1,2)}.

Solution.

(i) f(e1, e1) = £((1,0), (1,0))

155

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.



=1x1+0x0=1

Similarly
f(elJ 62) = O
f(ez; 61) = O
f(ez; 62) = 1
_ : .. (1 0
=~ The matrix of f is (0 1)
(i) Letv; = (1,1) and v, = (1,2).
Then

fvy,v))=1+1=2
f(v,v,)=1+2=3
fvy,v))=1+2=3
f(vy,v,) =144 =5.

=~ The matrix of f is (g g)

Exercises:
1. Find the matrix of the bilinear form f(x,y) = x;y, — x,y, with respect to
the standard basis in V, (R).
2. Find the matrix of the bilinear from f defined on V5 (R) by f(x,y) =

X1V, + x3y5 Where x = (x4, x,,x3) and y = (y4, ¥, ¥3) W.r.t.
(a) standard basis

(b) {(1,1,0),(0,1,1),(1,0,1)}.

Answers.
0 1
3. (—1 0)
1 0 O 1 0 1
4. (a)(o 0 O) (b) [O 1 1]
0 0 1 1 1 2
Theorem 2:

156

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.



I ey ST

Let VV be a vector space of dimension n vermé field F. Fix a basis {v, v,, ... ... , Un}
for V. Then the function ¢: L(V,V,F) - M, (F) which associates with each
bilinear form f € L(V,V, F) the n x n matrix (a;;) where f(v;,v;) = a;; is an
iIsomorphism.
Proof:
Clearly ¢ is 1 — 1 and onto.
Now, let f,g € L(V,V,F)and a € F.
Let (f) = (a;;) and @(g) = (by)).
f + 9 wuvy) = f(vivy) + 9(vi,vy)
= a;; + b;;
= o(f +9) = (ai; + by;) = (a;;) + (bj) = o(f) + @(9).
Also (af)(vi,vj) = af(vi,vj) = aa;
» @(af) = (aa;;) = a(a;;) = ap(f).

Thus ¢ is an isomorphism.

Then

Corollary. L(V,V, F) is a vector space of dimension n?.
5.3 Quadratic forms:
Definition:
A bilinear form f defined on a vector space V is called a symmetric bilinear form
if f(u,v) = f(v,u) forallu,v evV.
Examples
(i)  LetV be avector space over R. Then any inner product defined on V is a
symmetric bilinear form.
(i)  The bilinear form 0 defined in example 2 of 5.2 is a symmetric bilinear

form.
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(iii)  Let f be a bilinear form on V?rl—én the bilinear form f; defined by

filu,v) = f(u,v) + f(v,u) is a symmetric bilinear form.

Theorem 3:
A bilinear form f defined on V is symmetric iff its matrix (al-j) w.r.t any one basis

{vi, vy .. , Up} IS Symmetric.

Let f be a symmetric bilinear form.
Now,
aij = f(vi,v)
=f (vj, vi) ( since f is symmetric )
= aj;
= (ay;) is a symmetric matrix.
Conversely, let (a;;) be a symmetric matrix.
Hence A = ATThen

f(u,v) = XAYT
= (XAYT)T (since XAYT is a 1 X 1 matrix )

=YATXT
=YAXT
=f(v,u)

f is a symmetric bilinear form.

Definition:

Let f be a symmetric bilinear form defined by V. Then the quadratic form
associated with f is the mapping q: V — F defined by q(v) = f (v, v). The matrix
of the bilinear form f is called the matrix of the associated quadratic form q.

Examples
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1. Consider the bilinear form f defﬁi‘ngawon VL, (F) by f(u,v) = x1y, + x5, +
e X U= (X, e ,Xn), U = (¥4, ..., Vo). Then the quadratic form g
associated with f is given by

qw) = f(u,u) = xZ + - ...+ x2.
2. Let A be a symmetric matrix of order n associated with the symmetric

bilinear form f. Then the corresponding quadratic form is given by

n

CI(X) =XAXT = z aijxixj
i,j=1

For example, consider the symmetric matrix

1 2 3
A=(2 4 7)
3 7 6

The quadratic form g determined by A w.r.t. the standard basis for V5(R) is
given by

1 2 3\ [*1
q(v) = (xl,xz,x3 (2 4 7) [x2>
3 7 6/ 1X3

= xZ + 4x3 + 6x2 + 4x,x, + 14x,X5 + 6x1X3.

3. Consider the diagonal matrix

1 0 O
A=(O 2 O)
0 0 3

The quadratic form g determined by A w.r. the standard basis for V5(R) is given by

1 0 0\ /X1
q(v)=(x1,x2,x3)<0 2 0><xz>
0 0 3/ \x3

= x? + 2x7 + 3x2.
We say that this quadratic form q is in the diagonal form.

4. Consider the quadratic form defined on V, (R) by q(x,x,) = 2x2 + x;x, + x3.
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Then the symmetric matrix associated with g can be found as follows.

Let

X
2x2 + x1x, + x2 = (x4, %) [g b] ( 1)

= ax? + 2bx;x, + cx2

Exercises
1. Find the quadratic forms associated with the following matrices w.r.t. the
standard basis.
(2 4 A
L. 5)®(2 -2 -4
3 —4 -3
2. Find the matrices for the following quadratic forms.
@) xZ + 4x;x, + 3x3 inV,(R) (b) 2x% + x2 + 3x,x, in V,(R)
() 2x% + x% — 6x,x, in V3(R) (d) x,x, in V,(R)
(e) x;x, + x2 in V,(R).
Answers.
3. (a) 2x% + 2x7 — 5x3 — 6x1x, + 8x,x3 + 2X;X3.

(b) xZ — 2x2 + 3x32 + 4x,x, — 8x,x3 + 6x,X3.
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3
2_
1 2 2
@ 5) Of 1‘
2
0 1/2 0 0
2 -3 0
1/2 0 0 0
(c)<—3 00)(d)é SO
1
0 0 0O 0 0 0
0 0 1/2 0
0O 0 0 0
© 112 0 0o o
0o 0 0 1
Theorem 4:

Let f be a symmetric bilinear form defined on V. Let g be the associated quadratic

form.

(i) fF(w,v) = 2 {q(u +v) — q(u—v)}

1

(i) fw,v) = {q(u+v) —qw) — q(v)}

Proof:

(i) s {g(u +v) — q(u — v)}
:%{f(u+v,u+v) —fu-v,u—-v)}

=%{f(u,u) +fwv)+fv,uw)+ f(v,v)
—fwu)+fwv) +f,u) - f(v,v)}
= (4w v))
=f(u,v).
Proof of (ii) is similar.
Note. the above theorem shows that if f is a symmetric bilinear form and g the

assouated quadratic form, then f (u, v) can be determined from gq.
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Exercises
1. If g is a quadratic form prove that
qu+v+w)—qu+v)—qv+w)—qu+w)+q)+q) +
q(w) = 0.
2. Show that if g, is the quadratic form associated with the bilinear form f; and
q- 1s the quadratic form associated with the bilinear form £, then q; + g, is
the quadratic form associated with the bilinear form f; + f,.
5.4. Reduction of a quadratic form w the diagonal form:
we have seen that a quadratic form associated with a diagonal matrix of order n is
of the form
a x? + axt + - ...+ ay,x2
which is known as the diagonal form. Now, we prove that any quadratic form can
be reduced to the diagonal form by means of a non- singular linear transformation.
The method of reduction which we describe below is due to Lagrange.

Consider the quadratic form

— 2 2
=a11X1 + e QX+ 2a02X1% + o+ 280 1) X0 Xn—1-

Case (i) Suppose at least one of a4, ..., a5, IS nOt zero. We assume, without loss

of generality, that a,; # 0.Then
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+ Z aijxix]
i,j=2
aiz A1n
= aqq <x12 +2—"xXpF e+ 22—y Xy,
aiq aiq

+@q (x5, .. X,) (say)

a a 2
= all (xl + £X2+ X ﬂle)
aqq aiq
+g02(x2, ......... ,Xn)( Say)

Now, putting y; = x; + %xz + o+ ?xn, Yo = Xo, ., Y = Xp, @ reduces to
11 1

1

O =ayi+ @V s Vi) cren e (1)
Where 6(1 == a11

Case (ii) Suppose a;; = azp = *** ... = Ay, = 0. We still have a;; # 0 for some
i,jsuchthati # j.
Without loss of generally we assume that a;, # 0.
Then the non-singular linear transformation

X1 =YX = Y1t Y2, X3 = Y35 e e »Xn = Yn
changes the quadratic form ¢ to another quadratic form in which the term y# is
present.
Now applying the method of case (i) ¢ can be reduced to the form (1). Treating ¢,
in the same way we get

0, = ayz2 + p3(25, ..., Z,) so that
Q= alzlz + azzzz + @3(22, ""Z‘l’l)

Continuing this process of reduction, we obtain ¢ inthe form ¢ = a;wZ + -+ ... +
a, w2,
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Solved problems

Problem 1:

Reduce the quadratic form

x% + 4x,x, + 4x,%3 + 4x% + 16x,x5 + 4x3 to the diagonal form.
Solution:

Let

@ = xi + 4x1x, + 4x,%5 + 4xZ + 16x,x3 + 4x3
= (xl + 2x2 + 2x3)2 + SXZX3

Puttlng X1 + 2x2 + ZX3 =Vi,X2 = Y2, X3 =Y + V3 we get

¢ =yi + 8y + 8y,y3
2

2 1 2
=yi + 8(3'2 +§y3) — 2y3.
Puttlng Zl == yl' ZZ == yz + %ys,Z3 = y3 we get
@ = zZ + 8z5 — 2z2 where z; = x; + 2x, + 2x3
1
Z; = E(xz + x3)
Z3 = X3 — X3

Problem 2:

Reduce the quadratic form 2x;x, — x1X3 + X1X%4 — XpX3 + X3X, — 2x3x, t0 the

diagonal form using Lagrange's method.
Solution:
Let ¢ = 2x1x5 — X1X3 + X1X4 — X3X3

+X5X4 — 2X3X4.
Putting x; = y1;x2 = y1 + Y53 X3 = y3 and x, = y,, we get
@ = 2yf + 2y1Y2 = 2Y1Y3 + 2Y1Ya — ¥V2V3 + ¥V2Va — 2Y3Vs
= 2(y{ + Y172 — Y13 + Y1Ya) — ¥2¥3 + V2Va — 2V3Vs
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1 1 1>21 1 1

=2 <y1 +5Y2 = 5Y3+ 50 —Eyzz —Eys? —Eyf — V3Ya

. 1 1 1
Putting z; = y, +5)’2 —3V3 +E}’4JZZ = Yo, z3 = Y3, and z, = y, we get

1 1 1

¢ =2z{ _EZZZ —EZ.% —EZZ — Z3Z4
1
=2z% - 5222 - E(ZSZ + 22374 + z2)
1
= 2212—5222—5(23+z4)2
Puttlng Wi = 2Z,Wy = Zp, W3 = Z3 +Z4,W4 = Wy
1 1
we get @ = 2w12—§w22—§w§
here
1 +1 1 +1
W, =—X X, ——X —X
1= 5 X1 T5X =5 X3 T X
W2 == —x1 +x2;W3 == x3 +X4;W4 = X4.
Exercises:

Reduce the following quadratic forms to agonal form.
1. x2 +2x2 — 7x% — 4x,x, + 8x,x3
2. 2x% 4+ 5x% + 19x2 — 24x% + 8x,x, + 12x;x3 + 8x;x,4 + 18x,x3 —
8x,x, — 16x3x,
3. 2x1X5 — X1X3 + X3X3

4. _2x1x2 + 2x2x3 - ZX3X4 + 2x1X4

1 2 4\ /X
(x1x5%x3) (2 6 —2) (x2>

4 -2 18/ \X3

0 1 2\ /%1
(x1x5%3) (1 1 —1) (xz).

2 -1 0/ \X3

o1

o
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="

ANswers:
1. z2 —2z2 +92z2 2.z2 —3z2 + 472

2 1 5,15 2 2 2 2
3.2z5 —5Zy +373 4.z —z5 + 25 — 74

5.z2 +2z2 —48z%2 6.z7 — z2 + 8z%
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